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map interchanging the factors. If w € H,(X,X; R) is a fundamental class of X,
then w X w € Hau((X,X) X (X,X); R)is a fundamental class of X X X (whence
X X X is orientable), and Ty (w X w) = (—1)*w X w. By theorem 9, T maps
the orientation of X X X corresponding to w X w into (—1)* times itself. Let

v: Hn(X X X, X X X — 8(X); G) = H""(8(X),8(X);G)

be the duality map associated to this orientation. Then we have a commuta-
tive diagram (all coeflicients G)

Hu(X X X, X X X — 8(X); G) % Hp(X X X, X X X — 8X); G)

YT %~1)"7
H2r=m(§(X),8(X);G)

(— 1)z for any z € Hy (X X X, X X X — 8(X); G) (which
—1)muforany u € H¥*(X X X, X X X — 8(X); G)). Then

Therefore T, (z) =
implies T* (u) = (
P2s (U N 2) = Pra Ty (u N 2) = pry (T*u A Ty 2) = pry(u ~ 2)

anduvw pfo = (=1IrT*u wplv)=uw T*pfo=uvwpfv =
12 tHEOREM Let z be a fundamental class over R of a compact n-manifold

X with boundary X. For all q and R modules G the homomorphism
Kk.(v) = v M z defines isomorphisms

k. Hi(X;G) = Hn_q(X,X; G)

K2 HI(X,X; G) = Hyp_o(X;G)

which are, up to sign, the inverse of the duality isomorphisms of theorem 6.2.20
defined by the orientation corresponding to z.

PROOF Let U be the orientation of X corresponding to z as in theorem 9,
and let j: X — X C X. We prove commutativity up to sign in the triangle (all
coeflicients G)

Hy(X — X) 1% Ho(X,X)

Js N < xe
Hy(X)

For w € Hy(X — X), by property 6.1.6,

keyo(w) = {[U| (X.X) X (X — X)]/w} ~z
= P {[U[ (XX) X (X = X)] ~ (z X w)}

By lemma 11, this equals

Poa{lU] (XX) X (X = X)] A (2 X ) | |
= p1e Ty {[U](XX) X (X = X)] A (z X w))
=+ pial[U] (X — X) X (X.X)] ~ (w X )}

where p1: (X — X) X X — X — X is projection to the first factor. Again by
property 6.1.6,
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P {[U| (X — X) X (XX)] ~ (w X 2)} = vofa) n w0 = w
Therefore
KeYU(w) = iy (w)
Similarly, we prove commutativity up to sign in the triangle
Hy(X) * H,_«(X,X)
7 Al
HyX — X)
For v € Hi(X), by property 6.1.5,
vure(v) = [U| (X = X) X (XX)]/(v ~2)
= {lUpE@)] (X = X) X (X.X)}/2
By lemma 11 and property 6.1.4, this equals
={[pi* () « Ul (X = X) X (X,X)}/2 = =j*(0) « yu(z) = *j*(v)
Therefore

YukAv) = =j*o =

4 THE ALEXANDER COHOMOLOGY THEORY

We shall now describe a cohomology theory particularly suited for applications
in which a space is mapped into polyhedra (the singular theory is more suitable
for applications where polyhedra are mapped into a space). One approach to
the theory, called the Cech construction, is based on approximating a space
by nerves of open coverings; another approach, called the Alexander-Kolmo-
goroff construction, is based on complexes built of “small” simplexes consisting
of finite sets of points. We shall begin with the Alexander construction, and
show later in the chapter (see corollary 6.9.9 and the following paragraph)
that if (A,B) is a closed pair in a manifold X, then H4(A,B; G) as defined in
Sec. 6.1 is the Alexander cohomology of (A,B) with coeflicients G.

Let G be an R module and let X be a topological space. For g > 0 let
Ce(X;G) be the module of all functions ¢ from X¢*1 to G with addition and

scalar multiplication defined pointwise. Thus, if xo, x1, . . . , x, € X, then
Q(x0,x1, . . . ,xg) € G, and if @1, @2 € C(X;G) and r € R, then
o, %) = i, . )
(P1 + @2)(x0, . . . Xg) = @1(x0, . . . Xg) + Pa(X0, . . . Xg)

We shall omit the symbol G from C%X;G) where its absence will not cause
confusion.

A coboundary homomorphism 8: C¢(X) — Cet1(X) is defined by the
formula
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(8p)(xo, « .« - Agr1) = = (=Dipxo, . . . Kiy . . . Xgr1)

0<izg+l
Then 86 = 0 and C*(X) = {C(X),6} is a cochain complex over R. If X is
nonempty, it is augmented over G by 7: G — C(X), where (1(g))(x) = g for
g € G and all x € X. So far the topology of X has played no role, and the fol-
lowing result shows that C*(X) has uninteresting cohomology.

1  emma If X is a nonempty space, n%: G = H* (C*(X;G)).

PROOF Let ¥ be a fixed point of X and define a cochain homotopy
D: C*(X) — C*(X) by

(Do) (x0, - - . Xg) = @(Fxo, . . . ,Xg) qg>0
degp >0
Th 8D + Ddp = {‘P ]
en P+ Log P — n(e(%)) degp =0

Therefore, if 7: C(X;G) — G is the cochain map defined by

0 deg ¢ >0
T(p) = _
@) {¢<X) degp =0
then ™ = 1lg and D is a cochain homotopy from lesx) to n7. Therefore 7 is a
cochain equivalence, whence the result. =

We now use the topology of X to pass to a more interesting quotient com-
plex. An element ¢ € C%(X) is said to be locally zero if there is a covering U of
X by open sets such that ¢ vanishes on any (q + 1)-tuple of X which lies in
some element of Al Thus, if we define Ut = Uy o Uttt C X971, then ¢
vanishes on QUetL, The subset of C9(X) consisting of locally zero functions is a
submodule, denoted by Co%(X), and if ¢ vanishes on a+1, then 8¢ vanishes
on A*t2, whence C§(X) = {Cp2(X),8} is a cochain subcomplex of C*(X). We
define C*(X) to be the quotient cochain complex of C*(X) by C¥ (X). If X is
nonempty, the composite

G5 C*(X)— C*(X)
is an augmentation of C*(X), also denoted by n. The cohomology module of
C*(X) of degree g is denoted by Hi(X;G).
Given a function f: X — Y (not necessarily continuous), there is an in-
duced cochain map

f# C*(Y,G) - C*(X;G)
defined by the formula
(Fp)xo, - . %) = ¢(flwo), - - - flrg) @€ C(Y)x0, . .. x5 €X

If ¢ vanishes on Ve+1, where V'is an open covering of Y, and if there is
an open covering 9L of X such that f maps each element of % into some ele-
ment of ¥V, then f#@ vanishes on Qe*1. In particular, if f is continuous, fV
is an open covering of X which can be taken as l, and therefore f#
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maps C§(Y) into C§(X). It follows that if fis continuous, there is an induced
cochain map

f#: C*(Y,G) —» C*(X;G)

Let A be a subspace of X and leti: A C X. Then i#: C*(X;G) — C*(A;G)
is an epimorphism. Therefore the kernel of i# is a cochain subcomplex
of C*(X;G), denoted by C*(X,A; G). The relative module H1(X,A; G) is de-
fined to be the cohomology module of C*(X,A; G) of degree q.

Since there is a short exact sequence of cochain complexes
0— C*(X,A; G) L5 C*(X,G) 5 €*(A:G) = 0
it follows that there is an exact sequence
2 S HIXA; G LS HXG) S H(AG) 2 B (XA G) = -
The graded module H*(X,A) = {HY(X,A; G)} is the module function of
the cohomology theory we are constructing, and the homomorphism
8*: H1(A;G) — He*1(X,A; G) is the connecting homomorphism of the theory.

Given a continuous map f: (X,A) — (Y,B), there is induced by f a commuta-
tive diagram of cochain maps

0> C*(Y,B;G) —» C*(Y;G) - C*(B;G) - 0
£l f1X# | LA
0 — C*(X,A; G) - C*(X;G) —» C*(A;G) > 0

The homomorphism f*: H*(Y,B; G) — H*(X,A; G) is defined to be the
homomorphism induced by the cochain map f# in the above diagram. It is
then clear that for fixed G, H*(X,A; G) and f* constitute a contravariant
functor from the category of topological pairs to the category of graded
R modules. Furthermore, the connecting homomorphism 8* is a natural
transformation of degree 1 from H*(A;G) to H*(X,A; G). Therefore we have
the constituents of a cohomology theory, and we shall verify that the axioms
are satisfied. The resulting cohomology theory is called the Alexander (or
Alexander-Spanier!) cohomology theory, and Ha(X,A; G) is called the Alex-
ander cohomology module of (X,A) of degree q with coefficients G.

The exactness axiom is a consequence of the exactness of the sequence 2.
The dimension axiom will follow from the next result.

3 1emma If X is a one-point space, n*: G = H* (X;G).

PROOF  Because X is a one-point space, a locally zero function on X is zero.
Therefore C* (X;G) = C*(X;G) and the result follows from lemma 1. =

Before proving the excision axiom it will be useful to introduce another
cochain complex for the relative theory. If A C X, let C*(X,A) be the sub-

1See E. Spanier, Cohomology theory for general spaces, Annals of Mathematics, vol. 49
pp. 407-427, 1948.
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complex of C*(X) of functions ¢ which are locally zero on A. Thus there is a
short exact sequence

0— C*(X,A) > C*(X) » C*(A) - 0

and C¥(X) C C*(X,A). It follows that C*(X,A) = C*(X,A)/C¥%(X). The
excision axiom follows from the next result.

4 LEMMA Let U be a subset of A C X such that U has an open neighbor-
hood W with W C int A. Then the inclusion map j: (X — U, A — U) C (X,A)
induces an isomorphism

j#: C*(X,A) =C*(X - U A - U)
PROOF There is a commutative diagram with exact rows

0 — C¥§(X) — C*(X,A) — C*(X,A) - 0
d N N
0> C¥X-U) > C*¥X-UA-U)L C*X-UA-U) >0

It suffices to prove that Ak# is an epimorphism and that (k#)"1(C§ (X — U)) =
CoX). f o€ CYX— U, A— U), let $ € CI(X) be defined by

0 x; € Wiorsome 0 <i<gq
Xq) =

Plxo, - - - e(xo, . . . ,Xg) X0, « X €X =W

If V' is an open covering of A — U such that ¢ vanishes on Vat1, then
U={VUW[VETV} is an open covering of A such that ¢ vanishes on
at1. Therefore ¢ € C9(X,A), and from the definition of ¢, k#¢ — ¢ vanishes
on ¥ where #'={VNint A| V& ¥} U |[X— W), which is an open
covering of X — U. Therefore Ak#¢ = Ag, and because A is an epimorphism,
so is Ak#

Assume that ¢ € C9(X,A) is such that k#p € Co?(X — U). Because ¢ is
locally zero on A, there is an open covering U of A such that ¢ vanishes on
49%1. Because k#¢p € Co9(X — U), there is an open covering Uy of X — U
such that ¢ vanishes on QUy9+1, Let

3={U1ﬂintA|UlEQ11} %:{Uzﬂ(X——U)|U2€QL2}

Then V= ¥; U\, is an open covering of X such that ¢ vanishes on
G4a*1, Therefore ¢ € Cp2(X) and sc

(k) HCE(X = U)) = CE(X) =

The homotopy axiom will be proved in the next section. We conclude
this section with a study of H. A function ¢ from a topological space X to a
set is said to be locally constant if there is an open covering 9l of X such that
@ is constant on each element of AL

5 tHEOREM If A C X, then HY(X,A; G) is isomorphic to the module of
locally constant functions from X to G which vanish on A.
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PROOF A locally zero function from X to G is zero. Therefore Cy0(X) = 0,
and so

CoX,A) = COX,A)/Co®X) = COX,A)
Therefore H(X,A; G) is the kernel of the composite
CYX,A) 2 CY(X,A) — CYX,A)

CO(X,A) is the module of functions from X to G which vanish on A. If
¢ € C%X,A), then ¢ is in the kernel of the above composite if and only
if there is some open covering A of X such that 8¢ vanishes on Q2.
Since (8¢)(x,y) = @(y) — @(x), this is equivalent to the condition that there is
an open covering U such that ¢ is constant on each element of 9. Hence the
kernel of the above composite equals the module of functions vanishing on A
that are locally constant on X. =

6 coroLLARY Let X be a topological space in which every quasi-component
is open and let A C X. Then H(X,A: G) is isomorphic to the module of func-
tions from the set of those quasi-components of X which do not intersect
Ato G.

proOF This follows from theorem 5 and the fact that a locally constant
function on X is constant on every quasi-component of X. =

7 COROLLARY A nonempty space X is connected if and only if

n*: G = H(X;G)
prooF This follows from theorem 5 and the trivial observation that every
locally constant function on X is constant if and only if X is connected. =

It follows that there exist spaces for which the singular cohomology and
Alexander cohomology differ. In fact, for any connected space which is not
path connected, corollary 7 and theorem 5.4.10 show that they differ in
degree 0.

We now present a version of theorem 5.4.10 valid for the Alexander

theory.

8 tHEOREM Let {U;} be an open covering of X by pairwise disjoint sets.
Then there is a canonical isomorphism

H9(X;G) = X Hi(U;G)

PROOF Because {U;} consists of pairwise disjoint sets, the map induced by
restriction

i#: C*(X) - X C*(U))
is an epimorphism. Because {U;} is an open covering of X, it follows that
(#) (X CH(Uy) = CEX)

Therefore i# induces an isomorphism C*(X) = X C*(U;). =
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9 cororLary Let {C;} be the collection of components of a locally con-
nected space X. Then there is a canonical isomorphism

H9(X;G) = X HI(C;G)

PROOF Because X is locally connected, its components are open, and the re-
sult follows from theorem 8. =

5 THE HOMOTOPY AXIOM FOR THE ALEXANDER THEORY

In this section we shall prove the homotopy axiom for the Alexander cohomology
theory. The proof will be based on a description of the Alexander cochain
complex as the limit of cochain complexes of abstract simplicial complexes.
We shall also use this description to construct a homomorphism of the
Alexander cohomology theory into the singular cohomology theory. Because
the Alexander theory satisfies all the axioms, this homomorphism is an isomor-
phism from the Alexander theory to the singular cohomology theory on the
category of compact polyhedral pairs.

We shall be considering a fixed R module G as coeflicient module for
cohomology and will usually not mention G explicitly. Let 9 be a collection
of subsets covering a set X. Let X(?) be the abstract simplicial complex
whose vertices are the points of X and whose simplexes are finite subsets F of
X such that there is some U € 9 containing F. Let C(9l) be the ordered chain
complex of X(91) over R. Given a subset A C X and a subcollection %’ C A
which covers A, we let A(U') be the subcomplex of X(qL) whose vertices are
the points of A and whose simplexes are finite subsets of A lying in some ele-
ment of Q. Then C'(U) will denote the chain subcomplex of C(Q) cor-
responding to A(U).

Let (V,V") be another pair consisting of a covering V of X and a subset
4’ C Vwhich is a covering of A. Assume that (V") is a refinement of ()
in the sense that every element of Vis contained in some element of 9 and
every element of ¥’ is contained in some element of . Then the pair
(C(V),C’(V7)) is mapped injectively into the pair (C(U),C(’)) by the identity
map of (X,A) to itself.

Let X be a topological space and A a subspace of X. Consider pairs (2,),
where 9l is an open covering of X and QU is a subset of A which covers A.
Such a pair is called an open covering of (X,A). Let C*(,Q’) be the
cochain complex of the pair (C(),C’()) (with coefficients in G). An element
u of Ca(U,A’) is a function defined on (¢ + 1)-tuples of X which lie in some
element of 9, taking values in G, and vanishing on (g + 1)-tuples of A which
lie in some element of . If (V,V") is a refinement of (A,U), the restriction
map is a cochain map

C*(QA) —> C* (V)
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If (UAA) and (V') are two open coverings of (X,A) as above, let
W={UNVIUEW VETV} and let W ={U NV |U U, V€T'}.
Then (7,7 ") is another open covering of (X,A) and (W,°%) is a refinement of
(% %') and of (7;7"). Therefore the cochain complexes {C*( % %')} form a
direct system, and we have a limit cochain complex

lim_, {C* (L)}

We shall show that this limit cochain complex is canonically isomorphic
to C*(X,A). If ¢ € Ca(X,A), let A’ be a collection of open subsets of X cover-
ing A such that ¢ vanishes on (")9*1 N A¢*1 (such a U’ exists because @ is
locally zero) and let & = Q' U {X}. Then (,2') is an open covering of (X,A)
and ¢ determines by restriction an element @ | (U,AU’) € CA’). Passing to
the limit, we obtain a homomorphism (by restriction)

A: C*(X,A) — lim, {C*(L,)}
which is a canonical cochain map. The following result explains our interest
in the cochain complexes C* (V).
1  tHEOREM The canonical cochain map
A C*(XA) — lim, {C* (LU}
is an epimorphism and has kernel equal to C§(X).
prooF To prove that A is an epimorphism, let u € C9(,Q’). Define
¢u € C9(X) by
T {g(xo, R ) i)ft;:g,rv.ﬁ;e. , Xq € U, where U € U

Then @, vanishes on ()71 N Adtl and therefore ¢, € C4(X,A). By defini-
tion, @y | (A,A) = u, and A is an epimorphism.

An element ¢ € C9(X,A) is in the kernel of A if and only if there is some
(,2’) such that ¢ | (A,A) = 0. Thus A(¢) = 0 if and only if there is some
open covering U such that ¢ vanishes on 4%, By the definition of C¥(X),
AMp)=0ifandonlyif ¢ € C¥(X). =

From theorem 1 and the analogue of theorem 4.1.7 for cochain com-
plexes, we have the following corollary.
2 coroLLARY For the Alexander cohomology theory there is a canonical
isomorphism
HY(X,A; G) = lim, {HY(C*(QL'; G))} =
We are now ready for the proof of the homotopy axiom for the Alexander

cohomology theory. In the presence of the other axioms, it suffices to prove it
for the case of the two mappings

ho, h1: (X,A) - (X X LA X I)
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where ho(x) = (x,0), hi(x) = (x,1). The proof consists in showing that if (?,2")
is any open covering of (X X I, A X I), there is an open covering (1, of
(X,A) such that ho and h; induce chain-homotopic chain maps from
(C(V),C(V7)) to (C(),C(A"). This is a result about free chain complexes, and
the technique of acyclic models is available for obtaining the desired chain
homotopy.

Let Y be an arbitrary set and n a nonnegative integer. Let C(Y,n) be the
chain complex over R of the abstract simplicial complex (Y X I)(U(Y,n)),
where U(Y,n) is the covering of Y X I defined by

%(Xn)={)’x[—2—"—:,m2tl]

0Sm<2"}

3 vemma If Y is nonempty, the chain complex C(Y,n) is acyclic.

proor For 0 < m < 27 let K,, be the subcomplex of (Y X I)(?U(Y,n)) con-
sisting of all the finite subsets of Y X [m/27, (m + 1)/27]. For 0 < m < 27 let
L, be the subcomplex of (Y X I)(QUY,n)) consisting of all the finite subsets of
Y x (m/27). Then (Y X D(A(Y,n)) = Up Kpand K; N K; = 0if |i — 4] > 1
and K; N Kj;1 = Li,1. Because Y is nonempty, each K, (and L,,) is non-
empty and is the join of K, (or L,) with any vertex in it. Therefore,
by theorem 4.3.6, C(K,,) and C(Ly,) are acyclic. Let N, = U,,_, K;,. Then
Ngi1 = Ny U Kgy1 and Ny N Kgy1 = Lgy1. By induction on ¢, using the
exactness of the reduced Mayer-Vietoris sequence, it follows that C(N,) is
acyclic for all q. Therefore C(Y,n) = C(Nzn_;) is acyclic. =

From this we have our next result, which will provide the acyclic model
for the homotopy axiom.

4 v1EmMMA Let Yy, . . ., Y, be subsets of a nonempty set Y, where
Y = Y3, and for each i let n; be a nonnegative integer. Let K be the simplicial
complex defined by

Then C(K) is acyclic.

PROOF We prove the lemma by induction on q. If ¢ = 1, it follows from
lemma 3. Assume that ¢ > 1, and the result is valid for fewer than q sets Y;.
Let K = Ui 1 (Yi X DQUYi,ns)). Then K U (Y, X D(QUYyny)) = K. If Y,
is empty, C(K) = C(K) is acyclic, by the inductive assumption. If Y, is non-
empty, C(Y,,n,) is acyclic, by lemma 3, and C(K) is acyclic, by the inductive
assumption. To prove that C(K) is acyclic, from the exactness of the reduced
Mayer-Vietoris sequence it suffices to prove that C(K N (Y, X I)(QUY,ny,)))
is acyclic. However, K N (Y, X D(W(Ygng)) = Uicicq (Vi X D(A(Y5,n5),
where Y} = Y; N Y, are subsets of Y, (and Y7 = Y,) and n} = max (n;,n,).
Therefore, by the inductive assumption, C(K N (Y, X D)(WYyny))) is
acyclic. =
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We now come to the following main step in the proof of the homotopy
axiom.

5 LEMMA Let (') be any open covering of (X X I, A X I). There is an
open covering (V') of (X,A) such that ho and hy induce chain-homotopic
chain maps from (C(V),C' (V")) to (C(),C’"(W)).

proOF For each x € X it follows from the compactness of x X I that there
is an open set V, about x and an integer n > 0 such that for 0 < m < 2" the
set V, X [m/2", (m + 1)/27] is contained in some element of QL. Furthermore,
if x € A, we can choose V, and n so that V, X [m/2", (m + 1)/27] is con-
tained in some element of . Let V be the collection { V;} ;. x and V' the sub-
collection {V,}z.4. To show that (V") has the desired property, let C be the
category consisting of the subcomplexes of X(V) partially ordered by inclu-
sion. For each subcomplex K of X(V) let G(K) be the ordered chain complex
of K. For each simplex s of X(V) [or A(V")] define n(s) to be the smallest non-
negative integer such that for 0 < m < n(s) each set s X [m/2%9, (m + 1)/279]
is contained in some element of A [or A’]. Such an integer exists because of
the way (VV”) was chosen. For a subcomplex K of X(V) let K be the
subcomplex of (X X I}() defined by

K=U {(s X D(AU(s,n(s)) | s € K}

and let G'(K) be the ordered chain complex of K. Then G and G’ are covari-
ant functors from C to the category of augmented chain complexes.

Let 9 be the set of subcomplexes {§ C X(V)|s € X(V)}. Then G is free
on C with models 9, and by lemma 4, G’ is acyclic on € with models 9. If
0 = (x0,X1, - . . »¥g) is an ordered g-simplex of X(V), then

ho(o) = ((%0,0), . . . ,(%,0)) and (o) = ((x0,1), . . . ,(xg,1))

are natural chain maps preserving augmentation from G to G’. It follows from
theorem 4.3.3 that there is a natural chain homotopy from Ao to hy. =

If u € Hi(C* (), where (U,Q) is an open covering of (X X I, A X I),
it follows from lemma 5 that there is an open covering (V") of (X,A) such
that ho(V;V") C (), hy(VV") C (UA), and h§u = h¥u in H(C* (V).
Passing to the limit and using corollary 2 gives us the final result.

6 TtHEOREM The Alexander cohomology theory satisfies the homotopy
axiom. ™

We have now verified all the axioms of cohomology theory for the
Alexander cohomology theory. We construct a homomorphism p from the
Alexander cohomology theory to the singular cohomology theory. Let ()
be an open covering of (X,A). There is a canonical chain transformation

(AW, A N A)) — (C(W),C(W))

which assigns to a singular g-simplex o: A? — X the ordered simplex
(6(vo),0(v1), . . . ,0(vg)) of C(A). This induces a homomorphism
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C*(LA; G) — C*(A(L), A N A); G)
Passing to the limit and using corollary 2, we obtain a canonical homomorphism
w': H(X,A; G) — lim., {HY(AQ), AQU N A); G)}
By theorem 4.4.14, there is a canonical isomorphism
' HI(A(X), A(A); G) = lim_, {HY(A(QY), AU N A); G)}
and the homomorphism
p: Hi(X,A; G)— HYA(X), A(A); G)

is defined to equal the composite p'~1p'. It can be verified that this homomor-
phism has the commutativity properties necessary to be a natural transforma-
tion of cohomology theories.

We now introduce a cup product in the Alexander theory, which will
have the usual properties of a cup product (as in Sec. 5.6) and will be com-
patible with the singular cup product by the homomorphism p.

Let G and G’ be R modules paired to an R module G”. Given
g1 € CP(X;G) and g2 € CYX;G’), we define @1 v @y € CPT4X;G") by

(1w @2)(x0, - . . Xpig) = P1(X0, - . . Xp)P2AXp, . . . Apig)

If ¢, is locally zero on A4, so is g1 v @q, and if ¢, is locally zero on Ay, so is
@1 v @2. Therefore @; w ¢ induces a cup product from CP(X;G) and
CoX;G) to Crr9(X;G"). An easy verification shows that

81w @2) = 81 v @2 + (—1)Pe; v S¢2

Therefore the cup product induces a cup product on cohomology classes, and
this cup product is clearly mapped by p to the singular cup product.

In order to get a cup product from Cr(X,A;; G) and Ci(X,Az; G) to
Crte(X, A1 U Ag; G”), we need to ensure that an element of Cr+e(X;G”)
which is locally zero on A; and locally zero on A will be locally zero on
A1 U Ag. If A1 U A2 = intAlUAgAl U iI’ltA1 UAZAZ, this is SO. With this modi-
fication properties 5.6.8 t0 5.6.12 are all valid for the resulting cohomology
product.

6 TAUTNESS AND CONTINUITY

In this section we shall consider tautness for the Alexander theory and estab-
lish the strong result that any paracompact space imbedded as a closed sub-
space of a paracompact space is tautly imbedded. This implies a strong excision
property for paracompact pairs (X,A) with A closed in X. It also implies the
continuity property (that the Alexander cohomology theory commutes with
limits of compact Hausdorff spaces directed by inclusion). This continuity
property, together with the other axioms of cohomology theory, characterizes
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the Alexander theory on the category of compact Hausdorfl pairs (that is,
pairs with X compact Hausdorff and A closed in X). The section closes with
a brief discussion of the Alexander cohomology with compact supports. Our
proof of the special tautness properties of the Alexander cohomology theory is
based on techniques of Wallace.!

Let Al be a collection of subsets of a set X. Let Q¥ = {U* }y o, where

Ur=U(U € %|U N U# ¢}

A collection Vis said to be a star refinement of A if V¥ is a refinement of 2.
A topological space X is said to be fully normal if every open covering of X
has an open star refinement. It is known that for Hausdorff spaces paracom-
pactness is equivalent to full normality.

1 1eEmma Let A be a subset of a topological space X and let ° be an open
covering of X. There exist a neighborhood N of A and a function f: N — A
(not necessarily continuous) such that

(a) flx) = x for x € A.
(b) If V€V then fVN N) C V¥,

prOOF If Aisempty,let N = A and fbe the identity map. If A is nonempty,
let N=U{VeE 7|VN A7 ¢} and define f: N- A by f(x) = x for x € A,
or if x ¢ A, choose f(x) € A so that there is V € V with x, flx) ¢ V. Such a
choice of f(x) is always possible because of the way N was defined. Clearly, if
x € VN N, there is V' €V with x, flx) € V. Therefore x € VN V' and
V' C V*. Hence, {VN N) C V¥ and (a) and (b) are satisfied. =

This last result may be interpreted as asserting that A is a discontinuous
neighborhood retract of X with a retraction that is not too discontinuous.
If A is a closed subset of a paracompact space, it is similar enough to an abso-
lute neighborhood retract so that we have the following generalization of
theorem 6.1.10 for the Alexander theory.

2 THEOREM A closed subspace of a paracompact Hausdorff space is a
taut subspace relative to the Alexander cohomology theory.

PROOF Let A be a closed subspace of a paracompact space X and let
@ € CYA) be a cochain such that 8¢ vanishes on AU 972, where @ is an open
covering of A. Let U = {W U (X — A)| W € 9 } and observe that 9t is an
open covering of X because A is closed in X. Let °{" be an open star refinement
of QL and let N be a neighborhood of A and f: N -—» A a function (not neces-
sarily continuous) satisfying lemma 1 relative to V. Then f#¢ € Ca(N ), and we
show that 6f#p = f#0¢ vanishes on Vt2 N Na*2, By lemma 1b, for any
V€ Vthereis U € U suchthat (VN N) CU ThenflVAN)CUNACW
for some W ¢ . Therefore 8f #¢ vanishes on (V N N)a*2. This means that
f#p represents a cocycle of C¢(N) and, by lemma la, (f#¢)| A = ¢. Hence

1See A. D. Wallace, The map excision theorem, Duke Mathematical Journal, vol. 19,
pp- 177-182, 1952.
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the cohomology class {¢} € H4(A) is the image under restriction of the coho-
mology class { f#¢} € HIN), showing that lim_, {HY(N)} — H9(A) is an
epimorphism.

To prove that it is a monomorphism, let N’ be a paracompact neighbor-
hood of A and assume that ¢ € C¢(N’) is such that 8¢ vanishes on W 7*2 and
@ | A = 8¢’ on (W)e*1, where U is an open covering of N and U is an open
covering of A. Let % = {W' U (N" — A) | W’ € A"} and observe that 9l is an
open covering of N’ (because A is closed.) Let Wbe an open star refinement
of both Ul and AU(V'is a covering of N) and let N be a neighborhood of A in
N’ and f: N — A a function (not necessarily continuous) defined with respect
to V to satisfy lemma 1. If V € ¥, then AV N N) C W for some W € .
Therefore f#(p | A) = 8f #¢' on Vet N Ne*1,

To show that f#(p | A) is cohomologous in C¢(N) to ¢ | N, for € Cp(N)
define Dy € Cr=1(N) by

OG0, - dpi) = Z (Do ) %)

1

An easy computation establishes the formula
ODY + Dby = f#{y|A) — ¢

Forevery VeV (VA N)U flVN N) C W for some W € 9 (by lemma 1b),
and because 8¢ vanishes on Wet2, SD(p|N) = f#(p{A) — ¢/ N on
e+1 N Na+1, Therefore the cohomology class {¢} € He(N') maps to zero in
Ha(N). This suffices to show that lim, {H%(N)} — H%(A) is a monomorphism,
and so A is a taut subspace of X. =

3 coroLLARY Let X D A D B, where X is a paracompact Hausdorff
space and A and B are closed subspaces of X. Then, relative to the Alexander
cohomology theory, (A,B) is a taut pair in X.

pRoOF This is an immediate consequence of theorem 2 and lemma 6.1.9. =

4 ExampLE Let X be the subspace of R? C §2? defined in example 2.4.8.
The space X obtained by retopologizing X by the topology generated by the
path components of open sets in X is a half-open interval. Since X has the
same singular homology as X, H{(X;Z) = 0. Since $? — X has two components,
it follows from the Alexander duality theorem that lim, {HYU;Z)} = Z as U
varies over neighborhoods of X. Therefore lim , {HY(U;Z)} — H(X;Z) is not
a monomorphism, and so X is not a taut subspace of R2? with respect to sing-
ular cohomology. Since X is closed in R2, it is taut with respect to Alexander
cohomology.

Note that the above example is one in whichlim_, { HY(U;Z)} — HY(X;Z) is
not a monomorphism, whereas in example 6.1.8 a subspace A C R? was given
such that lim_, {HYU;Z)} — H°(A;Z) was not an epimorphism.

The tautness property 3 implies that the Alexander cohomology theory
satisfies the following strong excision property.
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5 TtHEOREM Let (X,A) and (Y,B) be pairs, with X and Y paracompact
Hausdorff and A and B closed. Let f: (X,A) — (Y,B) be a closed continuous
map such that f induces a one-to-one map of X — A onto Y — B. Then, for
all g and all G

f*: H‘?<Y,B; G = HQ(X,A; G)

PROOF Because f is closed, continuous, and one-to-one from X — A onto
Y — B, it follows that f is a homeomorphism of X — A onto Y — B. Let {U,}
be the family of open neighborhoods of B in Y and let V, = f~1(U,). Then
V, is an open neighborhood of A in X, and because f is a closed map, the col-
lection {V,} is cofinal in the family of all neighborhoods of A in X. We have
a commutative diagram

He(Y,B) « lim, {Ha(Y,U,)} — lim, {HY(Y — B, U, — B)}

| ) i
HYXA) « lim. {H(X,V,)} — lim. (H(X — A,V, — A))

in which the vertical maps are induced by f and the horizontal maps are
induced by inclusions. By corollary 3 and lemma 6.4.4, the horizontal maps
are isomorphisms. Because f|X — A is a homeomorphism of X — A onto
Y — B, it follows that for each a, f| (X — A, V, — A) is a homeomorphism of
(X —A,V, — A) onto (Y — B, U, — B). Therefore f¥ is an isomorphism,
and by commutativity of the diagram, f* is also an isomorphism. =

The following weak continuity property of the Alexander cohomology
theory is another consequence of its tautness properties.

6 tHEOREM Let {(X,,A,)}, be a family of compact Hausdorff pairs in
some space, directed downward by inclusion, and let (X,A) = (N X,,MN A,).
The inclusion maps i, (X,A) C (X,,A,) induce an isomorphism

{i%}: lim., HY(X,, A, M) =~ HY(X,A; M)

prooF If F is a closed subset of X, for some B, the collection {X, N F},
consists of compact sets directed downward by inclusion, and X N F =
N (X, N F). It follows that if X N F = &, there is some a such that
X, N F = @. Therefore, if U is any neighborhood of X in X, there exists a
such that X, C U. Similarly, if (U,V) is any neighborhood of (X,A) in Xg,
there is a such that (X,,A,) C (U,V).

To show that {i¥} is an epimorphism, let u € H9(X,A) be arbitrary. For
any B, (X,A) is a taut pair in Xj, by corollary 3. Therefore there is a neighbor-
hood (U, V) of (X,A) in X4 and an element v € H(U,V) such that v | (X,A) = u.
Let a be such that (X,,A,) C (U,V) and v, = v | (X,,A,). Theno, € Hi(X,,A,)
and i¥ v, = u, which proves that {i¥ } is an epimorphism.

To prove that {i¥ } is a monomorphism, let u € H9(X;,A;) be such that
ifu = 0. By corollary 3, (X,A) is a taut pair in X, Therefore there is a
neighborhood (U,V) of (X,A) in X such that u | (U, V N Ap) = 0. Choose «



SEC. 6 TAUTNESS AND CONTINUITY 319

so that (X,A,) C (U, VN Ag). Then u|(X,A,) =0, and {i¥} is an
isomorphism. =

The continuity property involves an assertion analogous to that of
theorem 6 for an arbitrary inverse system {(X,,A,)} of compact Hausdorf
pairs, where (X,A) = lim. {(X,,A,)}. Itis not hard to prove that the continuity
property is equivalent to the weak continuity property.! A cohomology theory
having the weak continuity property is called weakly continuous. Such
theories are characterized on the category of compact Hausdorff spaces in
view of the following result.

7 LEMMA  Any compact Hausdorff pair can be imbedded in a space in
which it is the intersection of a family of pairs directed downward by inclu-
sion, each pair of the family being a compact Hausdorff space of the same
homotopy type as a compact polyh;edral pair.

PROOF It is a standard fact that any compact Hausdorff space can be imbedded
in a cube I’; hence we assume (X,A) imbedded in I. For each finite sub-
set a C Jlet p,: I/ — I* be the projection map and let (U,V) be a compact
polyhedral neighborhood of (pa(X),p.(A)) in I*. It can be verified that the col-
lection of pairs {(p, 2(U),p, Y(V))} corresponding to all finite « C J and com-
pact polyhedral neighborhoods of (p.(X),p.(A)) in I~ is directed downward by
inclusion and has (X,A) as intersection. Furthermore, (p, 1(U),p, Y V))isa
compact pair in I/ homeomorphic to (U,V) X I/7%, and the projection map

Pai (P HU )paH(V)) = (U, V)

is a homotopy equivalence. Therefore the family {(p,%(U),p."*(V))} has the
desired properties. =

This yields the following extension of the uniqueness theorem for weakly
continuous cohomology theories.

8 rtaeEoREM Given two weakly continuous cohomology theories, any
homomorphism between them which is an isomorphism for some one-point
space is an isomorphism for all compact Hausdorff pairs. =

We now describe the Alexander cohomology with compact supports.
This is a cohomology theory on a suitable category of topological pairs and
maps, and we shall discuss the category first.

A subset A of a topological space X is said to be bounded if A is compact.
A subset B C X is said to be cobounded if X — B is bounded. A function f
from a space X to a space Y is said to be proper if it is continuous and if for
every bounded set A of Y, f "1(A) is a bounded set of X (or, equivalently, for
every cobounded set B of Y, f “1(B) is a cobounded set of X). Clearly, the
composite of proper maps is proper, and there is a category of topological
spaces and proper maps. There is also a category of topological pairs and

1 See S. Eilenberg and N. E. Steenrod, “Foundations of Algebraic Topology,” Princeton Univer-
sity Press, Princeton, N.J., 1952, or exercise 6.C.2 at the end of this chapter.
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proper maps, a proper map from (X,A) to (Y,B) being a proper map from X
to Y which maps A to B. This is the category on which the Alexander coho-
mology theory with compact supports will be defined.

Given a topological pair (X,A), let C.9(X,A; G) be the submodule of
CiX,A; G) consisting of all ¢ € C(X,A; G) such that ¢ is locally zero on
some cobounded subset of X. If ¢ is locally zero on B, so is 8¢, and therefore
there is a cochain complex C¥ (X,A; G) = {C4X,A; G), 8} which is a sub-
complex of C*(X,A; G). Clearly, C§ (X;G) C C¥(X,A; G), and we define

C*(X,A; G) = C*(X,A; G)/C¥(X;G)

The Alexander cohomology of (X,A) with compact supports, denoted by
H#*(X,A; G), is the cohomology module of C*(X,A; G). If f: (X,A) — (Y.B)
is a proper map, f# maps C¥(Y,B; G) to C¥(X,A; G) and induces a
homomorphism

f*: H¥(Y,B; G) - H*(X,A; G)

The Alexander cohomology with compact supports satisfies suitable modifica-
tions of all the axioms of cohomology theory.

The homotopy axiom holds for proper homotopies, a proper homotopy
being a proper map (X,A) X I — (Y,B). In general, an inclusion map
(X",A’) C (X,A) is not a proper map. It is a proper map, however, if X' is
closed in X. Because of this, the coboundary homomorphism

8*: Ha(A;G) — H (X A; G)

is defined only when A is a closed subset of X. When A is a closed subset of
X, there are proper inclusion maps i: A C X and j: X C (X,A) and there is a
short exact sequence of cochain complexes (for any coefficient module G)

0— C*XA) S5 C*(X) 5 C*(A) >0

The connecting homomorphism of this short exact sequence is a natural trans-
formation from H*(A) to H¥*(X,A), of degree 1 on the category of pairs
(X,A), with A closed in X and proper maps between such pairs. The exact-
ness axiom then holds for pairs (X,A) with A closed in X.

The excision axiom holds for proper excisions, a proper excision map
being an inclusion map j: (X — U, A — U) C (X,A) such that U is an open
subset of X with U C int A, in which case it can be shown (analogous to the
proof of lemma 6.4.4) that

j#: C*(XA) =C*X — U, A — U)

The dimension axiom is obviously satisfied.

We now consider relations between the Alexander cohomology with
compact supports and the Alexander cohomology theory previously defined.
The following is one case in which they agree.

9 vLemMa If A is a cobounded subset of X, then
H*(X,A; G) = H¥(X,A; G)



SEC. 6 TAUTNESS AND CONTINUITY 321
PROOF Because A is cobounded in X,

C¥(X,A) = C*(X,A)
and so C¥(X,A) = C*(X,A). =

20 Lemma Let B be a closed subset of a Hausdorff space A. Then a subset
Uof A — Bis cobounded in A — B if and only if U U B is a neighborhood
of B cobounded in A.

prooF If U’ is a neighborhood of B in A, then the closure of A — U’ in A
equals the closure of (A — B) — (U’ — B) in A — B. Hence one is compact if
and only if the other is. Therefore the result will follow once we have verified
that if U is a cobounded subset of A — B, then U U B is a neighborhood of
B in A. However, if C is the compact set which equals the closure of
(A —B)—Uin A — B, then C is closed in A (because A is Hausdorfl).
Therefore A — Cis an open subset of A containing B. Since (A — B) — C C U,
it follows that (A — C) C U U B,and U U Bisaneighborhoodof BinA. =

Let B be a closed subset of a normal space A. If U is a neighborhood of

B in A which is a cobounded subset of A, then C*(A,U) C C¥* (A,B). There-
fore lim, {C*(A,U)} = U C*(A,U) is imbedded as a subcomplex of
C¥(A,B). By the excision property 6.4.4,

UC*(AU)=UC*(A — B, U — B)
As U varies over cobounded neighborhoods of B in A, it follows from lemma
10 that U — B varies over cobounded subsets of A — B. Therefore

UC*A —-B,U—B) =C*A - B)
and we have defined a functorial imbedding

j: C¥(A — B) C C¥(A,B)

such that j(C*(A — B)) = lim_, {C*(A,U)}, where U varies over cobounded
neighborhoods of B in A. Hence { induces an isomorphism of cohomology if
and only if

lim. (H*(A,U)} = H¥(A,B)
We shall now consider cases in which j induces an isomorphism of cohomology.
11 1Emma If A is a compact Hausdorff space and B is closed in A, for all
q and all G there is an isomorphism

A.9(A — B; G) =~ Hy(A,B; G)

PROOF By lemma 9 and the above remarks, it suffices to prove that as
U varies over neighborhoods of B in A (any such neighborhood being
cobounded because A is compact), there is an isomorphism

lim.. {HYA,U; G)} ~ H9(A,B; G)
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Since A is paracompact, this is a consequence of the tautness property 3 of
Alexander cohomology. =

This result allows the following interpretation of the cohomology with
compact supports of a locally compact space.

12 cororrarY If X is a locally compact Hausdorff space and X+ is the
one-point compactification of X, there is an isomorphism

H9(X,G) =~ HaX*;G)
PROOF By lemma 11, H.9(X;G) =~ HY(X*, X* — X; G) and because
H*(X* — X; G) = 0, there is an isomorphism
Ha(X*, X* — X; G) =~ Hi(X*;G) =
13 examerLe It follows from corollary 12 that

0 qgFn

HCQ(R";G) = {G g=n

because (R")* is homeomorphic to S». Hence, if n 5= m, R” and R™ are not of
the same proper homotopy type.

14 epxampLE Regarding R! as a linear subspace of R2, then
: 0 q 72
2 R1. ~
HC(’(R’R’G)N{G@(; g =2
15 THEOREM Let B be a closed subset of a locally compact Hausdorff space
A. For all q and all G there is an isomorphism

lim.. {H%(A,U; G)} ~ H,(A,B; G)

where U varies over cobounded neighborhoods of B in A.

PROOF If A is compact, this follows from lemmas 9 and 11. If A is not com-
pact, let A* be the one-point compactification of A. Set p* = A* — A and
B* = B U p* C A*. Then B* is closed in the compact space A*. There is a
commutative diagram of chain maps

C¥(A - B) - C¥(A) — C*(B)
) ) )
0 - C*¥(A+,BY) - C*(A*p*) — C*(Btp*) - 0

and, by corollary 12 and lemma 11, each vertical map induces an isomorphism
on cohomology. Since the bottom row is exact and C¥(A — B) C C¥(A), it
follows that C%(A)/C*(A — B) — C¥(B) induces isomorphisms of coho-
mology. Since there is a short exact sequence of cochain complexes

0— C*(AB)/C*¥(A — B)— C¥(A)/C¥A -~ B)—>C¥B)—0

it follows that C¥*(A,B)/C*¥(A — B) has trivial cohomology. Therefore
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H*(A — B) = H*(A,B), and this is equivalent to the statement of the
theorem. =

The last result is a form of tautness for Alexander cohomology with
compact supports. This and the five lemma easily imply the next result.

16 tHEOREM Let (A,B) be a pair of closed subsets of a locally compact
Hausdorff space X. For all q and all G there is an isomorphism

lim. {A(UV; G)} = H3A,B; G)

where (U,V) varies over neighborhoods of (A,B) in X, both U and V being
cobounded subsets of X. =

In a similar fashion, we may consider the singular cohomology with
compact supports. A singular cochain ¢* € Hom (A4(X)/A4(A),G) is said to
have compact support if there is some cobounded set U C X such that
for every x € U there is a neighborhood V of x such that ¢*(o) = 0 for every
singular gsimplex o in V. The singular cochains with compact support form a
subcomplex of the singular cochain complex, whose cohomology module is de-
noted by H¥ (X, A; G).

7 PRESHEAVES

In this section the Cech construction will be introduced. Because of the
ultimate applications, we define the Cech cohomology of a space not merely
for coefficients in a module, but, more generally, for coefficient modules
which may vary from one point of X to another. This leads to the concepts of
presheaf and sheaf. We shall introduce these and give the definition of
the Cech cohomology of a space with coefficients in a presheaf. Applications
will be given in the next two sections.

A presheaf T of R modules on a topological space X is a contravariant
functor from the category of open subsets U of X and inclusion maps U C V
to the category of R modules such that I'( @) = 0. Thus I' assigns to every
open subset U C X an R module I'(U) and to every inclusion map U C V a
homomorphism pyyv: ['(V) — I'(U), called the restriction map, such that

pvv = lrw
,OUWZ,DUVOPVI’V: I‘(W)‘—)F(U) UCVCW

Given y € I'(V) and U C V, we use y | U to denote the image pyy(y) € I'(U).

In a similar manner, we define presheaves on X with values in any cate-
gory. We are interested primarily in the case of a presheaf of modules or of
cochain complexes. Following are some examples.

1  Given an R module G, the constant presheaf G on X assigns to every
nonempty open U C X, the module G (and to @ the trivial module).

2 Given a subset A C X, the relative Alexander presheaf of (X,A) with
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coefficients G, denoted by C*( -, - N A; G), assigns to an open U C X the
cochain complex C*(U, U N A; G).

3  The relative singular presheaf of (X,A) with coefficients G, denoted by
A*(-, + N A; G), assigns to an open U C X the cochain complex
A¥(U, UN A; G) equal to the subcomplex of Hom (A4(U), G) of cochains
locally zero on U N A (i.e. cochains that are zero on A 4 () for some open
covering A of U N A).

Given two presheaves I' and I on X taking values in the same category,
a homomorphism a: I' — I is defined to be a natural transformation from
I' to I". It is then clear that there is a category of presheaves on X with values
in any fixed category and homomorphisms between them. In particular, there
is a category of presheaves of modules and a category of presheaves of
cochain complexes. If a: I' — I is a homomorphism of presheaves of
modules (or cochain complexes), it is clear how to define ker «, im «, and
coker a so as to be presheaves of modules (or cochain complexes) on X.
Therefore it is meaningful to consider exact sequences of presheaves of
modules (or cochain complexes) on X.

If I' and I" are presheaves of modules (or cochain complexes) on X, their
tensor product I' @ I" is the presheaf of modules (or cochain complexes) on X
such that for open U C X

(T®THNU) =T(U)®T'U)
Consider two examples.
4  There is a homomorphism
nmC*(-, " NA G = A*(-, -NA; G
such that if ¢ € Cy(U, UN A; G) and o: A? — U, then 7(¢)(0) =
o(o(po), . . . ,0(pg)), Where po, . . . , pq are the vertices of Ac.
5  There is a homomorphism
T C¥( -, NAR®G—C*(-,-NA G
such that if ¢ € C(U, U N A; R) and g € G, then
(o @ g)(xo, - . . X = @(xo, . . . X)L x, €U

Similar to the concept of presheaf on X with values in a category is the
concept of sheaf on X with values in a category. We are interested only in
sheaves of modules, and for this case the following formulation will do.

Let I' be a presheaf of modules on X. If 9 = {U } is a collection of open
subsets of X, a compatible A family of T is an indexed family {yy € T'(U)}veq
such that

ywlUNU =yp|UNU U U €
The presheaf I is said to be a sheaf if both the following conditions hold:
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(a) Given a collection 9 of open subsets of X with V. = Uy, U and
given y € I'(V) such that y | U = 0 for all U € 91, then’y = 0.

(b) Given a collection 2 of open subsets of X with V. = Uy, U and
given a compatible A family {yy}y.a, there is an element y € I'(V)
such that y | U = yyforall U € QL

It follows from (a) that the element y in (b) is unique.

We now associate to every presheaf I' of modules another presheaf I,
called its completion, whose elements are compatible families of I'. Given a
collection of open sets U = {U}, let I'(A) be the module of compatible
A families of T'. If V'is another collection of open sets which refines 9, there
is a homomorphism I'(2) — I'(V) which assigns to a compatible A family
{vv} the compatible V family {yy} such that if V € “Vis contained in U € 9,
then y# = yu| V (yv is uniquely defined by this condition because of the com-
patibility of {yy}). As 9l varies over the family of open coverings of a fixed
open set W C X, the collection {I'(?1)} is a direct system of modules, and we
define

(W) = lim.. {T(Q)}

If W C W and @ is an open covering of W, then A" = {U N W' | U € 1}
is an open covering of W’ which refines 9. Hence there is a homomorphism
I'(A) — T[(A) which defines (by passage to the limit) a homomorphism
(W) - T(W'). A trivial verification shows that [isa presheaf [if A = { T},
then trivially F(G?L) =0, and so [(@) = 0]. There is a natural homomor-
phism a: I' - [' such that « assigns to y € I'(V) the element of f( V)
represented by the compatible V" family {y}, where V" consists solely of V. The
presheaf [ is called the completion of T'. It depends only on the values I'(U)
for small open sets U C X.

6 LEMMA A presheaf T is a sheaf if and only if
a:T =T

pProOF In fact, condition (a) above is satisfied if and only if « is a monomor-
phism. If condition (b) is satisfied, « is an epimorphism. If a is an isomorphism,
then (b) is satisfied. =

7 ExampPLE The constant presheaf G defined by a module G is not gen-
erally a sheaf [if U is a disconnected open set, G(U) % GU

8 exampLe If C* is the relative Alexander presheaf of (X A) (with some
coefficient module G), the kernel of a: C* — C* is C# (the locally
zero functions). To show that « satisfies condition (b) (and hence induces an
isomorphism C* =~ C*),let ¢’ € Co(V, V. N A) and assume ¢’ represented by
a compatible 9 family {@u}vca, where L is an open covering of V. Then
pp: Ustl — G for U € A is locally zero on U N A and

pul (UNU)t =gp [(UN U) U U €U
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Therefore there is a function ¢: V¢l — G such that ¢ | Us™! = ¢y for U €
and @(xo, . . . ,x4) = 01if xp, . . . , x4 do not all lie in some element of .
Then ¢ is locally zero on A, whence ¢ € C9(V, VN A) and a(p) = ¢".

This example shows that, in general, H*(C*) = H* (é*), so it is not
generally true that a presheaf of cochain complexes and its completion have
isomorphic cohomology.

9 exampLE If A* is the relative singular presheaf of (X,A) (with some
coefficient module G), the kernel of a: A* — A* is the subcomplex of
locally zero cochains [that is, ¢* € Hom (Ay(V),G) is in the kernel of « if and
only if there is some open covering U of V such that ¢* is zero on
Ay(A) C Ay(V)]. Also «a satisfies condition (b) (as can be shown by an argu-
ment similar to that of example 8). If Q is an open covering of X, it is clear
that A* () = U Hom (A ., (A)/A 4, (), G) where the union is over all open
coverings U’ of A that refine 9 N A. As Ql and 9" vary over open coverings,
respectively, of X and A such that Q" refines 9 N A, there is an inverse
system of chain complexes {A, ()/A, (?')} and a direct system of cochain
complexes

{Hom (A, ()/A, (), G)}

Therefore there is an isomorphism

lim- (Hom (A Z )Y AL Z "), G =~A*(-, - N A; G)(X)
It follows from theorem 4.4.14 that

Hom (A4 (X)/A 4 (A), G) - lim, {Hom (A4 (A)/A, (Q), G)}

induces isomorphisms of the cohomology modules. Therefore « induces an
isomorphism

H*(A%(+, - N A; QX)) = H*(A*(-, - 0 A; G)(X)
10 exampLE Let £ be an n-sphere bundle with base space B and let R be
fixed. A presheaf I' on B is defined by I'(V) = H**1(p,~\(V), p,"Y(V) N Eg R)

for an open V C B. I is called the orientation presheaf of & over R. It can be
verified that if B is connected, { is orientable over R if and only if T( ) = 0.

11 exampLE Let X be an n-manifold with boundary X and let R be fixed.
Define a presheaf I' on X — X such that I'(V) = H,(X, X — V; R) for open
V C X — X. T is called the fundamental presheaf of X over R. It can
be verified (using lemma 6.3.2) that ['(X) = H,9(X,X; R). By theorem 6.3.5, it
follows that if X is connected, it is orientable over R if and only if T( ) # 0.

There are cohomology modules of X with coefficients in sheaves,! and
cohomology modules with coefficients in presheaves. For paracompact spaces

1See R. Godement, “Théorie des faisceaux,” Hermann et Cie, Paris, 1958.
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these theories are equivalent. We now define the Cech cohomology with
coeflicients in a presheaf of modules.

Let I' be a presheaf of modules on a space X and let 9l be an open cov-
ering of X. For ¢ > 0 define C9(1;T) to be the module of functions i which
assign to an ordered (g + 1)-tuple Uy, Uy, . . ., U, of elements of 9l an ele-
ment YUy, . . . ,Uy) € I(Up N ... N Uy,). A coboundary operator

8: Co(;T) — Cot1(QuI)
is defined by

S (Uo, . . . Ugs1) )
= 2 (=DUs .. .U . Up) [(Us O - N Uysd)

T 0cicg+l

Then 88 = 0 and C*(i;I") = {C¥(QLT),6} is a cochain complex. Its cohomol-
ogy module is denoted by H* (;I).

12 exampLE It is an immediate consequence of the definition that
HOQu;T) = T'() (the module of compatible AL families).

Let V be a refinement of 3l and let A\: ¥— QU be a function such that
V C AN(V) for all V € V. There is a cochain map A*: C* (') — C*(V;I)
defined by

A Vo, . . V) = YA Vo), - . . AV [ (Vo N - N V)

If p: V'— 9 is another function such that V C (V) for all V € ¥, a cochain
homotopy D: Ca(Qi;T) — Co1(;T) from A* to u* is defined by
(DY) Vo, -+ - - V)
= S (CDMAVO), - AV VI e Vet [ (Vo N e 0 Vo)

 o<i<q-1
It follows that there is a well defined homomorphism
A¥ HE (D) — H* (VT

such that A* {¢} = {A* @} that is independent of the particular choice of A.
As Ul varies over open coverings of X, the collection {H*(T)} is a direct
system, and the Cech cohomology of X with coefficients T is defined by

H*(X;T) = lim, {H*Q;I))}
13 exampLe  For any presheaf T', HO(X;T) = f‘(X)

14 exampLe  The Cech cohomology of X with coefficients G, denoted by
H*(X;G), is-defined to be the cohomology of X with coefficients the constant
presheaf G.

We now establish some basic properties of the cohomology with coefli-
cients in a presheaf.
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15 tHEOREM There is a covariant functor from the category of short exact
sequences of presheaves on X to the category of exact sequences which
assigns to a short exact sequence 0 — 1" — I' — I"" — 0 of presheaves on X
an exact sequence

- — Ha(X;T") — Ha(X;T) — HyX;I"") — Ho* (X;]) —

pPROOF For any open covering 9l there is a short exact sequence of cochain
complexes

0 — C*(I") — C*(T) — C*(WI") - 0

This yields an exact cohomology sequence, and the result follows from this on
passing to the direct limit. =

Given a short exact sequence of modules
0-G->GC->G"—=0

the corresponding constant presheaves on X constitute a short exact sequence
of presheaves. The corresponding exact cohomology sequence of Cech coho-
mology modules given by theorem 15 is an analogue for Cech theory of the
exact sequence of theorem 5.4.11.

Given a presheaf I on X and given a subspace A C X, define a presheaf
T'4 on X by

_ (T() UNAs£ D
rA(U)“{o UNA=o

Also define a presheaf I'4 on X by

o [TU) UNA=g
“U)*{o UNA+# &

Then I'4 is a sub-presheaf of I', and there is a short exact sequence of presheaves
0->T1 5T >5T4,—-0

The corresponding exact cohomology sequence given by theorem 15 is an
exact Cech cohomology sequence of the pair (X,A) with coefficients I' when
we define Hi(A;T") = He(X,I'y) and H9(X,A; T) = He(X;T4). Thus the exact
sequence of theorem 15 gives rise to exact sequences corresponding to a
change of coeflicients or to a change of space.

A presheaf I" of modules on X is said to be locally zero if, given y € I'(V),
there is an open covering U of V such that y | U = 0 for all U € 9. This is so
if and only if the completion I of T is the zero presheaf and is equivalent to
the condition that for all x € X, lim_ {I'(U)} = 0 as U varies over open
neighborhoods of x.

16 tHrorem If X is a paracompact Hausdorff space and T is a locally zero
presheaf on X, then H*(X;T') = 0.

PROOF Let QL be a locally finite open covering of X and ¢ a g-cochain of
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C*(%;T). Let 2 be alocally finite open star refinement of % For x € X, because
T is locally zero, there is an open neighborhood V; contained in some element
of W sachthat x€ Uy N -+ - N Uy with Ty, . . ., U; € %implies that V; C
UN - - NUand ¢U, ..., U)| V: =0 (only a finite number of conditions
because % is locally finite). Let % = {V;};ex and define A: 7 — % so that for
each x € X there is W, € ¥ with V, C W, C W} C A (V;). Then if V;, N -
N Vg, #0, Vz C W, for each jso that Vz, CA (Vyy) for each J. Therefore, (A( Vzo),
s A (Va)) | Vi =0, 50 A*¢ =0 in C*(’Y/ IN). Therefore, HY(X;T) =0 for all q.

A homomorphism a: I' — I" between presheaves on X is called a local
isomorphism if ker o and coker o are both locally zero. This is equivalent to
the condition that for all x € X, « induces an isomorphism

lim, {T(U)} = lim., {I’(U))

where U varies over open neighborhoods of x. There are short exact sequences
of presheaves

0>kera—T%ima—0
0 — im a % I" — coker @ — 0
with @ = «’’a’. Combining theorems 15 and 16, we obtain the following result.

17 cororLary If a: ' > 1" is a local isomorphism of presheaves on a
paracompact Hausdorff space X, then

a, H¥X;D) =~ AXX;T') =

18 coroLLArY If X is a paracompact Hausdorff space, the natural homomor-
phism a: I' = ' induces isomorphisms

a: H*(X;T) = H* (x;1)

proor It suffices to prove that a: ' — ' is a local isomorphism. Let
y € (ker a)(V'). Then y € I'(V), and there is an open covering U of V such that
y| U = 0 for all U € . Hence ker « is locally zero.

If ' € (coker a)(V), there is an open covering U of V and a compatible
QU family {yy} which represents y’. For each U € ., y"| U is represented by
yu € a(I'(U)). Therefore v/ | U = 0, and coker « is locally zero.

8 FINE PRESHEAVES

In this section we shall introduce the concept of fine presheaf and show that
the positive dimensional cohomology of a paracompact space with coeflicients
in a fine presheaf is zero. This leads to uniqueness theorems for cohomology
of cochain complexes of fine presheaves on a paracompact space, which we
apply to compare the Alexander and Cech cohomology. Further applications
will be given in the next section.
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A presheaf I' on X is said to be fine if, given any locally finite open
covering U of X, there exists an indexed family {ey}y.a of endomorphisms of
I' such that (for every open set Vin X)

(@) Fory € T(V), e{y) | (V= U) = 0. )

(b) If V meets only finitely many elements of {U}, then for y € I'(V),

Y = 2yca euly):

Note that the sum in condition (b) is finite because, by (a), ex(y) = 0if
UnNnv=g.

1 ExampLeE The relative Alexander presheaf of (X,A) of degree g with
coefficients G is fine. In fact, if A is a locally finite open covering of X, for
each x € X choose an element U, € 9L containing x and for ¢ € C2(V, VN A; G)
define epp € C9(V, VN A; G) by

%) = [q)(xo, .o SXg) U= U,

(ev®)(x0, . . . 0 U U,

If V/ C V, there is a commutative square
CiV,VN A, G) % CyV, VN A;G)
\ l
C(V,VVNA G % CV,V NA;G)

showing that ey is an endomorphism of Ca. If

(Xoy - + . 5 %g) € (Va1 — Ja+1) C (Vart — U+,
then U,, 7 U and (ey9)(xo, . . . ,xg) = 0. Hence epp | V — U = 0, and con-
dition (a) is satisfied. To show that (b) is also satisfied, observe that, given
X0, - . . » Xg, there is a unique U, namely U,,, such that (eyg)(x0, . . . ,x4) 7 0.
Then
(2 ev@)(xo, - . - Xy = (eu, ®)X0, - - - Xg) = P(X0, . - . ,Xg)

It should be noted that ey does not commute with the coboundary operator
in C*(V, VN A; G). Therefore ey is not an endomorphism of the Alexander
presheaf C*(-, - N A; G) of cochain complexes.

2 exampLE The relative singular presheaf of (X,A) of degree q with coeffi-
cients G is also fine. If U is a locally finite open covering of X and U, is
chosen so that x € U, € Ql, then

ey: Hom (Ag(V)/A(V N A), G) — Hom (A, (V)/A(V N A), G)
is defined by

(epc*)(0) = [C* (0 U= Uy

0 U 5= U,y
Then the family {ey}p. o satisfies conditions (@) and (b) of the definition of fine-
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ness [but ey is not an endomorphism of A* (-, - N A; G) so A*(-, - N A; G)
has not been shown to be a fine presheaf of cochain complexes].

Given a presheaf I' on X and a continuous map f: X — Y, there is a pre-
sheaf f, I' on Y defined by (£, I)(V) = I'(f~1V) for an open V C Y. Clearly,
f defines a covariant functor from the category of presheaves of any type on
X to the category of presheaves of the same type on Y. Some of the nice
properties of fine presheaves are made explicit in the following result.

3 TtHEOREM Let [' be a fine presheaf of modules on X.

(a) For any presheaf T’ of modules on X, I @ I' is fine.
(b) If f: X — Y is continuous, f, I' is fine on Y.
(c) T is a fine presheaf on X.

proOF For (a), observe that if QU is a locally finite open covering of X and
{ev}uca are the corresponding endomorphisms of I, then {ey ® 1}y s is a
family of endomorphisms of I' ® I”, showing that I' ® I" is fine.

For (b), observe that if 9 is a locally finite open covering of Y,
then 19 = { f~1U| U € U} is a locally finite open covering of X. If {ep}v.a
is a family of endomorphisms of I" corresponding to the covering f~19l, they
induce endomorphisms of f, I', showing that £, I is fine.

(c) follows easily on observing that any endomorphism of I' induces an
endomorphism of I'. =

Given an open covering Al of a space X, a shrinking of 9l is an open cov-
ering V of X in one-to-one correspondence with Qi such that if U € 9l corre-
sponds to Vy € ¥, then Vi C U. Any locally finite open covering of a normal
Hausdorff space has shrinkings. Any shrinking of a locally finite open covering
is clearly locally finite.

The following theorem is the main result on fine presheaves.

4 tHEOREM If I is a fine presheaf on a paracompact Hausdorff space X,
then Ha(X;T') = 0 for g > 0.

PROOF Let Q = {U} be a locally finite open covering of X and let
A" = {U’'} be a shrinking of 9. Let {ey}y,+ be fineness endomorphisms of T’
corresponding to the covering U’ (but indexed by the covering ). Let
%= {V} be an open refinement of 9 covering X such that each V €V
meets only a finite number of elements of U and for any U € l either V C U
or VC X — U. Let A: ¥ — Q be a function such that V C A(V) for
all V€<t

Since each ey is an endomorphism of I', ey induces a cochain map,
denoted by ep: C*(;I) — C*(AI) such that for ¢ € CyIN) and
Up, . .., U €

ol)(Us, - - . \Up) = eoli{Us, - . . ,Up)

Then ey acts similarly as a cochain map on C*(%;I') and commutes with the
cochain map A*: C*(;T) — C* (\;I).

Let ¢ >0 and ¢ € C9(;T) be a cocycle. Define ¢y € Co(V;I') by
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Yy = ey(A*). Then Yy is a cocycle for each U € Q, and if Vy, . . ., V, €,
then yu(Vo, . . . ,Vy) = 0, except for a finite number of U € . Therefore
2 Yy exists, and 2 Yy = A¥.

Define 4 € Co71(V;I') by

II//U(VO, o :VCI——1>
_ [ec@(UAVo), - - o MVe-2) [ (Vo N -+ = N Vo) Vo ---N VU
1o VoN -+ NVemyCX—0U

Then &)y = Yy for all U, and because 2 ¢y can be formed [for given
Vo, o Ve, Y Vo, + . . ,Vgo1) = 0, except for a finite number of U € 1],
we see that

Ny = Sy = §(2 Yp)
Therefore A*y is a coboundary, and I:IQ(X;I‘) =0 =

Our next results are technical lemmas about cochain complexes of
presheaves. If I'* is a cochain complex of presheaves of modules on X, we
use Z7and B7*1 to denote the kernel and image, respectively, of §: I't — T'¢*1
and HY to denote Z¢/B¢, all of these being presheaves of modules on X. (Note
that a fine presheaf of cochain complexes is a cochain complex of fine pre-
sheaves, but the converse is not generally true.)

5 wemMma Let T'* be a cochain complex of presheaves of modules on X.
For every q there is an exact sequence, functorial in T'*,
0 — ker (HO(X;B?) — HY(X;Za 1)) — HO(X;Z9) — Hal * (X)) — 0

PROOF By example 6.7.13, T9(X) = HO(X;I'9). From the short exact sequence
of presheaves

0—>Zi—T9— Bitl - 0
there follows, by theorem 6.7.15, an exact sequence
0 — HO(X;Z9) — HO(X;T9) — HO(X;Be*1) — HY(X;Z9)

Because Betl C I'e*l, jt follows from a similar exactness property that
HO(X;B‘IH) C ﬁO(X;T0+1). Combining these, we see that

HO(X;29) = ker [HY(X;T'9) — HO(X;Be+1)]
~ ker [HO(X;T'9) — HO(X;Ta+1)]
and also that
im [HO(X;T9) — HO(X;T'e*1)] = ker [HO(X;Bet1) — H1(X;Z9)]
Since
Ha(T * (X)) = ker [H(X;T9) — HO(X;T'e*1)]/im [HO(X;['a 1) — HO(X;T9)]

the result follows. =



SEC. 8 FINE PRESHEAVES 333

6  coroLLary Let I'* be a cochain complex of presheaves of modules on
a paracompact Hausdorff space X. For any q there is a short exact sequence,
functorial in I'*,

0 — im [HO(X;B9) — HY(X;Z¢71)] — Ho(l* (X)) —
ker [HO(X;H4) — HY(X;B9)] — 0

If Ta71is fine, this becomes
0 — HY(X;Za71) — Ha(l'* (X)) — ker [HO(X;H9) — H!(X;B%)] — 0
PROOF  From the short exact sequence of presheaves
0—B1— 71— Hi— 0
it follows, by theorem 6.7.15, that there is an isomorphism
HO(X;Za)/HO(X;B9) =~ ker [HO(X;Hd) — H'(X;B9)]
From lemma 5, there is an isomorphism
HO(X;79) /ker [HO(X;B%) — HY(X;Ze1)] =~ He(T * (X))

It follows that He(I" * (X)) maps epimorphically to ker [HO(X;H?) — HY(X;B9)]
with kernel isomorphic to

HO(X;B9)/ker [HO(X;B9) — H(X;Zo~1)] = im [HO(X;B) — H1(X;Za~1)]

This gives the first short exact sequence. For the second, there is a short exact
sequence of presheaves

0—Z¢15T91 5 B0
and if ['v71 is fine, it follows from theorems 6.7.15 and 4 that
im [H(X;B7) — HY{(X;Ze~1)] = HY(X;Zo"1) =
7 THEOREM Let I'* be a nonnegative cochain complex of fine presheaves
of modules on a paracompact Hausdorff space X. Assume that for some

integers 0 < m <n, H(I'*) is locally zero for ¢ < m and m < q < n. Then
there are functorial isomorphisms

Hom(X;HWT*) = H(T*(X)) g <n
and a functorial monomorphism
He=m(X;Hm(I %)) — HA(I* (X))
PROOF For each g there is a short exact sequence of presheaves
0-— Z¢—-T9— Bitl
Because I'? is fine, it follows from theorems 6.7.15 and 4 that
(a) Hp(X;Batl) =~ AP*y(X;Z9)  p>1
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For each g there is also a short exact sequence of presheaves
0—B1—>79— H1—0

Because H9 is locally zero for ¢ << m and m < ¢ < n, it follows from
theorems 6.7.15 and 6.7.16 that

(b) Hr(X;B9) ~ Hr(X;Z9) g<morm<q<n,alp

Since BO is the zero presheaf, it follows by induction on ¢ from equations
(b) and (a) that for ¢ < m

(c) FIP(X;ZQ) =0= I:IP(X;Bq+1) p>1

From this and corollary 6, it follows that Hi(I'* (X)) = 0 for i < m. Hence
the theorem holds for ¢ << m (both modules being trivial). For ¢ = m we
have [by corollary 6 and equation (¢)]

Hn(D* (X)) = HO(X;H™)

and the theorem holds in this case too.
To obtain the result for m < ¢ < n, note that, by equation (c),
H?»(X;Bm) = 0, if p > 1. From the short exact sequence of presheaves

0->B" > Zm 5 H" 5 (

it follows that
Hx(X;Zm) =~ Hr(X;H™) p>1

For m <i < n it follows from corollary 6 that

HY(X;Zi71) =~ H{(T * (X))
and for i = n there is a monomorphism

HY(X;Z7 1) — Hn(T'* (X))
Using equations (b) and (a), we see that for m <i < n
HY(X;Zi7Y) =~ H\(X;Bi™1) =~ H2(X;Zi72) = - .. = Hi~m(X;Zm) =~ Hi-m(X;Hm)
and this gives the result form < g < n. =

This last result has as an immediate consequence the following isomor-
phism between the Cech and Alexander cohomologies with coefficients G.

8 coroLLarY For any paracompact Hausdorff space and module G there
is a functorial isomorphism

H*(X;G) = H*(X;G)
of the Cech and Alexander cohomology modules.

PROOF Let C* be the Alexander presheaf of X with coefficients G. Since Cq
is fine for all ¢ (by example 1), this is a nonnegative cochain complex of fine
sheaves. Furthermore, for any nonempty U, by lemma 6.4.1,
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0 qg#0
%(U.CQ)) ~
mcrua) =g, 17
Therefore H3(C¥) is locally zero for ¢ > 0 and H9(C*) is isomorphic to the
constant presheaf G. The hypotheses of theorem 7 are satisfied with m = 0
and any n, and there is a functorial isomorphism

Ha(X;G) =~ Ha(C*)
for all q. As pointed out in example 6.7.8, there is a canonical isomorphism

C* =~ C*, and so HY(X;G) =~ He(C*). Combining these isomorphisms yields
the result. =

The last result is also true without the assumption of paracompactness
(see exercise 6.D.3). The next result is the main uniqueness theorem of the
cohomology of presheaves.

9 tHEOREM Let X be a paracompact Hausdorff space and let : T* — " *
be a cochain map between nonnegative cochain complexes of fine presheaves
of modules on X. Assume that for some n > 0, 1,: H(I'*) — Hi(I"*) is a
local isomorphism for ¢ < n and a local monomorphism for ¢ = n. Then the
induced map

7t HI(T* (X)) — Ho(I"* (X))
is an isomorphism for ¢ < n and a monomorphism for q = n.

prROOF Let I'# be the mapping cone of 7 (defined for cochain complexes analo-
gous to the definition in Sec. 4.2 for chain complexes). Then I',a = T'¢e*1 @ g,
and for y € To*(U) and y' € ['YU), 8(y,y') = (— 8(y), 7(y) + 8(y')). T* is
a nonnegative cochain complex of fine presheaves on X, and for any open
U C X there is an exact sequence

. — HYI"*(U)) — HY(T *(U)) - H*Y T *(U)) = HtY " *(U)) — - ..

Taking the direct limit as U varies over open neighborhoods of x € X, we see
that 7,: HY(I'*) — H9(I"*) is a local isomorphism for ¢ <n and a local
monomorphism for g = n if and only if H(T'¥) is locally zero for ¢ < n. By
theorem 7, it follows that Ha(T * (X)) = 0 for ¢ < n (if n = O this is trivially
true, and if n > 0 it follows from theorem 7 with m = 0).

It is obvious that I'# is the mapping cone T'# of the induced map
#: I'* — ["* between the completions. Therefore

. — HyT"* (X)) > Hy(I'* (X)) > Het (I *(X)) 2 Hory (D" #(X)) — - -

Since Ho(T'#* (X)) was shown to be zero for ¢ < n in the first paragraph above,
the result follows from the exactness of this sequence. =

For compact spaces there is the following universal-coefficient formula
for Cech cohomology.

10 tHEOREM Let X be a compact Hausdorff space. On the product category
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of presheaves I' on X consisting of torsion free R modules and the category of
R modules G there is a functorial short exact sequence

0— H(X;I) ® G— H(X; T ® G) - H*(X;I) * G — 0
?ROOF Let U be a finite open covering of X. The cochain map
 C¥UDN ® G- C*AU T ® G)

defined by 7(¢ ® g)(Uo, . . . ,Ug) = Y(Uo, . . . ,Uy) ® gis an isomorphism
(this is a consequence of the finiteness of A analogous to lemma 5.5.6). From
the universal-coefficient formula for cochain complexes (theorem 5.4.1), there
is a functorial short exact sequence

0— HY(UT) ® G- H(W T ® G) — HHALT) * G — 0

The result follows by taking direct limits over the cofinal family of finite open
coverings of X (because the tensor product and the torsion product both
commute with direct limits). =

From corollary 8, this gives a universal-coeflicient formula for Alexander
cohomology of compact spaces. The following theorem generalizes this result
to compact pairs and includes the statement that the short exact sequence in
question is split.

11 tHEOREM On the product category of pairs (X,A), where A is a closed
subset of a compact Hausdorff space X, and the category of R modules G, there
is a functorial short exact sequence

0 — HeyX,A; R) ® G — HY(X,A; G) — H*(X,A; R) * G — 0
and this sequence is split.

PROOF Let 7 C*(-, N A; R)® G— C*(-, - N A; G) be the homo-
morphism of presheaves defined as in example 6.7.5 [that is, T(p ® g)
(x0, . - . Xg = @(x0, . . . ,x)g]l. Both C*(+, N A; R)® G and
C*(-,- M A; G) are nonnegative cochain complexes of fine presheaves.
First we prove that

et H¥(C*(-,- N A;R) ® G)— H*(C*(-,- N A; G))
is a local isomorphism. If U C X — A, C*(U, U N A; R) = C*(U;R), and
C*(U,UnN A; G) = C*(U;G), it follows from lemma 6.4.1 and theorem 5.4.1
that

T« HXC*(U, UN A; R) ® G)=~ H*C*U, UN A; G))

Since A is closed in X, for any x € X — A, 7, is an isomorphism of
lim, {H*(C*(U, UN A; R)® G)} onto lim, {H*(C*(U, U N A; Q))},
both limits as U varies over open neighborhoods of x in X.

For any U intersecting A there is a commutative diagram with exact
TOWS
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0— C*({U,UNA;R)®G— C*({U;R)® G>C*(UNA; R)® G— 0

l l \
0> C*U,UNA;G) — C*(U;G) —-C*(UnNA;G) — 0

By lemma 6.4.1, the middle cochain coraplexes have trivial reduced modules.
Therefore there is a commutative square

AYC*(U N A; R) ® G) = HIt{(C*(U,UN A; R) ® G)

! l
HyC*(U N A; G)) = H(C*(U, U N A; G)

To complete the proof that 7, is a local isomorphism, therefore, we need only
prove that for x € A

lim.. {(H9C*(U N A; R) ® G)} = lim_, {A4C*(U N 4A; G)))

as U varies over neighborhoods of x in X. This is equivalent to the condition
that

Holim, {C*(U N A; R)}) ® G = Hellim_, {C*(U N A; G)})

where U N A varies over neighborhoods of x in A. This is trivially true
because both sides are zero for all g (this follows from the tautness property
of x in the paracompact space A but can be proved without assuming the
paracompactness of A, because any one-point subspace is taut in any space
with respect to Alexander cohomology).

We have verified that 7 satisfies the hypotheses of theorem 9 for all n.
Therefore r induces an isomorphism

Fo: H¥([C*(+, + N A; R) ® GI(X)) = H¥(C*(-, - N A; G)(X))

By example 6.7.8, the right-hand side is isomorphic to H* (C*(X,A; G)). By
example 6.7.13, the left hand side is the gth cohomology module of
HY(X;C*(+, - N A; R) ® G). By theorem 10 and the fineness of
C*(-, - N A; R) ® G, this is isomorphic to

HXC*(+, *NAR)®G=(C*(-, - NA;RX) ®G
~ C*XA R ®G
It follows that the map
7 C*(X,A; R) ® G — C*(X.A; )
induced by 7 induces an isomorphism of cohomology. The result now follows

from the universal-coefficient formula for cochain complexes (theorem 5.4.1). =

This implies the following universal-coefficient formula for Alexander
cohomology with compact supports.
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12 cororLrARY On the product category of pairs (X,A), where A is a closed
subset of a locally compact Hausdorff space X, and the category of R modules
G, there is a functorial short exact sequence

0 — HAX,A; R) ® G — HA(X,A; G) — H(X,A; R)* G — 0
and this sequence is split.

PROOF Let N be a closed cobounded neighborhood of A in X. There is
a commutative square of cochain maps

C*(X,N; R)® G N C*(X,N; G)
! !
C*(X—N,X—NﬁN;R)@G—)C*(X——N,X—NHN;G)

in which, by theorem 6.6.5, each vertical map induces an isomorphism of
cohomology. By theorem 11, the bottom horizontal map induces an isomor-
phism of cohomology. Therefore the top horizontal map also induces an iso-
morphism of cohomology.

There is also a commutative square (in which the limit is over closed
cobounded neighborhoods N of A in X)

lim. {C*(X,N; R)} ® G — lim.. {C*(X.N; G))
l l
C*(X,A; R)® G . C*XA: Q)

It follows from the first paragraph above that the top horizontal map in-
duces an isomorphism of cohcmology. Since the closed cobounded neighbor-
hoods of A in X are cofinal in the family of all cobounded neighborhoods of A
in X, it follows from theorem 6.6.15 that each vertical map induces an isomor-
phism in cohomology. Therefore the bottom horizontal map induces an
isomorphism in cohomology. The result follows from this and theorem 5.4.1. =

9 APPLICATIONS OF THE COHOMOLOGY OF PRESHEAVES

This section is devoted to two main applications of the theory developed in
the last two sections. One is the study of the relation between Alexander and
singular cohomology. We shall prove that in a homologically locally connected
space (for example, a manifold) the two are isomorphic. The other application
is to a study of the relation between the Alexander cohomology of two spaces
connected by a continuous map. We conclude with a proof of the Vietoris-
Begle mapping theorem.

Let (X,A) be a pair and let G be an R module. Recall the homomorphism

mC*(-, - NA G = A*(-, - NAG)
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defined in example 6.7.4. This induces a homomorphism
0¥+, - NA G- A* (-, N4 Q

such that the following square is commutative

C*¥(-,-NA G 5 A*¥(-, - NA; G)

al J/zx

C*(-, " NA;G 5 A*(-, N A; G

By examples 6.7.8 and 6.7.9, there are isomorphisms
C*(+, *NA;G=C*(+, NA;G

ay: H¥A*(-, N A; G) =~ H*A*(+, - N A; G)
In Sec. 6.5 a natural homomorphism
p: H*(X,A; G) — H*(X,A; G)

was defined, and it is a simple matter to check that commutativity holds in
the diagram

H*(C*(X,A; G) £y H*(A*(X,A; G))
:l :ltx*
H*(C*(+, - N A; G)(X)) 22> H*(A*(-, - N A; G)(X))

Therefore p is an isomorphism if and only if 7, is.

1 tHEOREM Let X be a paracompact Hausdorff space and suppose there
is n > 0 such that each x € X is taut with respect to singular cohomology
with coefficients G in degrees < n. Then

u: H(X;G) — HYX;G)
is an isomorphism for g < n and a monomorphism for g = n.

prOOF Both C*(-;G) and A*(+;G) are nonnegative cochain complexes of
fine presheaves. The tautness assumption of the points of X with respect to
singular cohomology implies that 7,: HY(C*(+;G)) — HYA*(-;G)) is a local
isomorphism for ¢ < n and a local monomorphism for g = n (in fact, it
is always a local monomorphism for all g). By theorem 6.8.9,

# 4 H(C*(X;G)) — Hi(A*(X;G))
is an isomorphism for ¢ < n and a monomorphism forg =n. =

There is a partial converse of theorem 1 which asserts that if
u: H(U;G) — Ha(U;G) is an isomorphism for ¢ < n and every open U C X,
then each point x € X is taut with respect to singular cohomology in degrees
< n. This follows from commutativity of the following diagram (where
U varies over open neighborhoods of x € X):
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lim., {HQ(U;G)} - H(x; G)
r] =|»
lim, {HY(U;G)} — Hx;G)

In case X is a Hausdorff space in which every open subset is paracompact
(for example, X is metrizable), we see that each point x € X is taut with respect
to singular cohomology in degrees < n if and only if p: H(U;G) — H9(U;G)
is an isomorphism for all ¢ < n and all open U C X.

A space X is said to be homologically locally connected in dimension n
if for every x € X and neighborhood U of x there exists a neighborhood V of
x in U such that Hy(V) — Hy(U) is trivial for g < n. It is said to be
homologically locally connected if it is homologically locally connected in
dimension n for all n.

2 ExaMPLE Any locally contractible space, in particular any polyhedron
or any manifold, is homologically locally connected in dimension n for all n.

3 ExampLE Let X, = Sefor ¢ > 1 and let x4 be a base point of X, The
subspace of X X, consisting of all points having at most one coordinate dif-
ferent from the corresponding base point is homologically locally connected
in dimension n for all n but is not locally contractible.

4 vemma If X is homologically locally connected in dimension n, then
Ha(A* (- ;Q)) is locally zero for ¢ < n and all G.

prOOF Let ¢* € Hom (AU ),G) be a cocycle (0 < g < n)andletx € U. If
g = 0, let V be a neighborhood of x in U such that Hy(V) — H(U) is trivial.
If ¢ € Ag(V), there is ¢’ € Ay(U) such that ¢ = a¢’. Then c*(c) = ¢*(3c) =
(6c*)(c’) = 0. Therefore c* | AO(V) = 0, proving that H(A*(+;Q)) is locally
trivial.

If 0 < g, let Vand V' be neighborhoods of x in U, with V C V’ and such
that H,_1(V) — H,_1(V') and Hy(V') — Hy(U) are both trivial. If c is a re-
duced singular (¢ — 1)-cycle of V, let ¢’ be a g-chain of V' such that ¢c’ = c.
Then ¢*(¢') € G is independent of the choice of ¢’; if ¢’ is another g-chain in
V’ such that 3¢”” = ¢, then ¢’ — ¢’ = dd for some (g + 1)-chain d in U and

(e — ") = c*(od) = (8c*)(d) = 0

Hence there is a homomorphism ¢*: Z, (V) — G such that ¢*(c) = ¢*(¢) if
oc¢’ = c. Because A, _1(V)/Z4 1(V)is free (since it is isomorphic to a subgroup
of Ag_o(V)if g > lorto Zif g = 1), there is a homomorphism d*: A,_1(V)— G
which is an extension of ¢*. Then ¢* | Ay(V) = 8d*, proving that Hi(A* (- ,())
is locally trivial. =

3 coroLrLAry If X is a paracompact Hausdorff space homologically locally
connected in dimension n, then p: Hi(X;G) — H4(X;G) is an isomorphism for
g < n and a monomorphism forq =n + 1. =
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6 coroLLARY Let A be a closed subset, homologically locally connected in
dimension n, of a Hausdorff space X, homologically locally connected in
dimension n. If X has the property that every open subset is paracompact,
p: Ha(X,A; G) — HA(X,A; G) is an isomorphism for ¢ < n and a monomor-
phism forq = n + 1.

PROOF From the definitions, there is a commutative square (where U varies
over open cobounded subsets of X)

lim. {(A/X,U; G)) = HI(X;G)

vl G
lim, {H(X,U; G)} = HAI(X;G)
Since an open subset of a space homologically locally connected in dimension

n is again a space homologically locally connected in dimension n corollary 5
applies to X and to every open U C X. By the five lemma,

w: Hi(X,U; G) — Hy(X,U; G)

is an isomorphism for ¢ < n and a monomorphism for ¢ = n + 1. Passing to
the limit, p: H.9(X;G) — H.%(X;G) is an isomorphism for ¢ < n and a mono-
morphism for ¢ = n + 1. Since A has the same properties as X,

w: HCQ(A;G) — H9(A;G)
is an isomorphism for ¢ < n and a monomorphism for ¢ = n + 1. The result
now follows from the five lemma. =

Since a manifold is homologically locally connected in dimension n for
all n, and every open subset is paracompact, this implies the next result.
7 cororLary If X is a manifold, p: H*(X;G) = H*(X;G). If A is a
closed homologically locally connected subset of X,

pw H¥(XA; G) ~ H¥(X,A; G). =

8 coroLLarY If X is a homologically locally connected space imbedded as
a closed subset of a manifold Y, then X is taut in Y with respect to singular
cohomology.

PROOF By corollary 5, H* (X;G) =~ H*(X;G), and for an open set U in Y, by
corollary 7, H*(U;G) =~ H*(U;G). Since X is taut in Y with respect to
Alexander cohomology, these isomorphisms imply that it is also taut with
respect to singular cohomology. =

9  coroLLarY If A is any closed subset of a manifold X, then as U varies
over neighborhoods of A in X,

lim. {H*(U;G)} = H*(A;G)
where the right-hand side is Alexander cohomology.
PROOF By corollary 7, lim, {H*(U;G)} = lim. {H*(U;G)}, so the result
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follows from the tautness of A with respect to the Alexander cohomology
theory. =

This shows that the modules H*(A;G) and H*(A,B; G) introduced in
Sec. 6.1 are the Alexander cohomology modules if A [or (A,B)] is a closed subset
[or pair] of a manifold. The next result generalizes the duality theorem 6.2.17
to arbitrary closed pairs.

10 tHEOREM Let X be an n-manifold orientable over R. For any closed
pair (A,B) in X and any R module G there is an isomorphism

Hy X — B, X — A; G) =~ H»9(A,B; G)

PROOF Let N be a closed cobounded neighborhood of B in A. By theorem
6.6.5, there is an isomorphism

H"9AN; G) = A~ 9A — N, A - NN N, G
Since (A — N, A — N N N) is a compact pair in X, by theorem 6.2.17,
H(X-A-NNN,X—-(A=N;G=H YA =N, A—-NNN;QG)
Since X — (A — N) and X — N are open, there is an excision isomorphism

H(X —N,X —A; Q)= H(X ~(A-NNON,X - (A =N G)

Combining these gives an isomorphism
HyX — N, X — A; G) = H"9A,N; G)

As N varies over closed cobounded neighborhoods of B in A, the limit of the
modules on the left is Hy(X — B, X — A; G) and the limit of the modules on
the right is H.»"9(A,B; G), whence the result. =

11 tHEOREM If X is a compact Hausdorff space which is homologically
locally connected in dimension n, then Hy(X) is finitely generated for g < n.

prOOF This follows from corollary 5, theorem 6.8.11, and theorem 5.5.13. =

The last result gives a generalization of corollary 6.2.21 to arbitrary com-
pact manifolds (orientable or not). We now work toward a proof of the
Vietoris-Begle mapping theorem.

12 remma  Let (X,A) be a pair and let T' be the presheaf on X defined by
(V) = C(V, VN A; G) for open V C X (q and G being fixed).
(a) For any open covering A of X the map I'(X) — I'() sending y € I'(X)
to the compatible QU family {v| U }y.« is a monomorphism.
(b) If QU is a locally finite open covering of X and Vis a shrinking of U,
the image of I'(U) — I'(V) equals the image of the composite
I'X) — I'(A) — TV

PROOF For (a), assume that y € C9(X,A; G) is in the kernel of I'(X) — I'(Q)
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(that is, vy | U = O for all U € Q). Let ¢ € CY(X,A; G) be a representative of vy.
Then v | U = 0 implies that ¢ | U is locally zero on U. Since this is so for all
U € 9, ¢ is locally zero on X and y = 0, proving (a).

To prove (b), let {yy}u.a be a compatible A family and suppose that
v € CaU, U N A; G) is a representative of yy for U € QL. Then, for U, U’ € 4,
eu| UN U — @y | UN U islocally zero on U N U’ If x € X, some neigh-
borhood of x meets only finitely many elements of @, and there is a smaller
neighborhood W, of x such that

(i) W, intersects Vy = x € Vy

(ii) xEU=W,CU

(l].l) X E VU:> Wz C VU

(iV) xEVUmVU’:’(PU|Wz:§0U'Wz

The first three conditions are clearly satisfied by taking W, small enough
(because there are only a finite number of conditions to be satisfied) and (iv)
can also be satisfied, because for x € Vuy N Vy, o | UN U —@p | UN U
is locally zero.

For x ¢ X choose U so that x € Vy and set ¢, = py| W, € Cy(W,,
W, N A; G). By (iv), this is independent of the choice of U. If x” € W, N W,
then x”” € Vy for some U € 9. Then W, and W, meet Vy, and by (i), x,
x’' € Vy. Therefore ¢, = ¢or| W, and ¢ = @y | Wy, whence @, | W, N W, =
@ | W, N W,.. Hence the collection {¢, € C{(W,, W, N A; ()} is a com-
patible { W;} family [of Ca(-, - N A; G)]. By example 6.7.8, there is an ele-
ment ¢ € CY(X,A; G) such that ¢ | W, = ¢, for all x € X. To complete the proof
of () it suffices to prove that for each U € AL, ¢ | Vi — @y | Vi is locally zero
on Vy. However, if x € Vi, then, by (iii), W, C Vyand o | W, = ¢, = ¢p| W,
Hence {W,},.v, is an open covering of Vy on which ¢ | Vy and gy| Vi
agree. =

13 tHEOREM Let f: X' — X be a closed continuous map between para-
compact Hausdorff spaces. Let A’ be a closed subset of X' and suppose there
are integers 0 < m < n such that H(f1x, f~Ix N A’; G) = 0 for all x € X
and for g <m or m < q <n. Let T be the presheaf on X defined by
L(U) = H*(fY(U), f{U) N A’; G). Then there are isomorphisms
Hom(X;T) = H(X' A, G) qg<n
and a monomorphism
Hr-m(X;T) — HYX",A’; G)

prROOF Let I'* be the nonnegative cochain complex of presheaves on X de-
fined by I'*(U) = C*(f1(U), f1(U) N A’; G). Thus I'? is the image under
fi of the fine presheaf on X’ which assigns Co(U’, U' N A’; G) to U’ C X',
By theorem 6.8.3c, the latter is a fine presheaf on X’ [being the completion of

the fine presheaf Co( -, - N A’; G); see example 6.8.1], and by theorem 6.8.3b,
I'eis fine on X. As U varies over neighborhoods of xin X, ( f}(U), f~Y(U) N A’)
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varies over a cofinal family of neighborhoods of (f~1x, f1x N A’) in (X",A")
(because f is closed and continuous). From the standard tautness properties
and the hypothesis about H*(f~1x, f~1x N A’; G), it follows that Hy(T'*) is
locally zero for ¢ << m and m < g < n. By theorem 6.8.7, there are functorial
isomorphisms

Hoom(XGHA(D#)) = Hi(T* (X)) q <n
and a monomorphism
Hr=m(X; H™(I'*)) — Hr(['* (X))
Since I' = H™(I'*), it merely remains to verify that
H(T*(X)) = Ar(X,A’; G)  allp

As AU varies over the cofinal family of locally finite open coverings of X it fol-
lows from lemma 12 that

[*(X) = lim, {T*@Q)} = lim_ {C*(-,- N A; G)(f ')} =~ C*(X,A; G)
and this yields the result. =

If £ is an m-sphere bundle over a paracompact Hausdorff base space B,
then Ha(p,~Y(x), p;~1(x) N E) = 0 if ¢ = m + 1. Therefore the hypotheses of
theorem 13 are satisfied for all n. Since the presheaf I" that occurs in theorem
13 is the tensor product of the orientation presheaf of ¢ and G, we obtain the
following generalization of the Thom isomorphism theorem to nonorientable

sphere bundles.

14 tHEOREM Let £ be an m-sphere bundle over a paracompact Hausdorff
base space B and let I be the orientation presheaf of & over R. For all
R modules G and all q there is an isomorphism

0B, T ® G) = Hi*m*\(E E,; G) m

Another interesting consequence of theorem 13 is the following Vietoris-
Begle mapping theorem.

15 THEOREM Let f: X' —-X be a closed continuous surjective map between
paracompact Hausdorff spaces. Assume that there is n > 0 such that
He( f~1x;G) = O for all x € X and for ¢ < n. Then

f*: Hy(X;G) — HiX';G)
is an isomorphism for g <_n and a monomorphism for g = n.
PROOF Let Z be the mapping cylinder of f and regard X’ as imbedded in Z.
Then Z is a paracompact Hausdorff space, X' is closed in Z, and the retrac-
tion : Z — X is a closed continuous map. For x € X, r~(x)_is contractible
[since it is homeomorphic to the join of x with f~%(x)], and so H*(r"(x)) = 0.
Because r1(x) N X’ = f~1(x) is nonempty, we have
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Het1(r1(x), r 1x) N X; G) =~ ﬁq(f'l(x); G) =0 g<n
It follows from theorem 13 that H4(Z,X’; G) = 0 for g < n. Since there is a

commutative diagram with an exact row

- H(ZX') — Ho(Z) —» H(X') > HHYZX) — .-

= Apx

the result follows. =

There is a partial converse of theorem 15 asserting that if f: X’ — Xisa
closed continuous surjective map between paracompact Hausdorff spaces and
there is n > 0 such that for every open U C X, f*: H{U;G) — He(f~Y(U);G)
is an isomorphism for ¢ < n, then H4(f(x);G) = 0 for all x € X and
for g < n. This follows from commutativity of the following diagram (where
U varies over open neighborhoods of x € X):

lim., {H(U;G)} - Hi(x;G)
Al b
lim.. (H3(f1(U):G)} = Hi( f1(x)5C)
In particular, if X and X’ are metrizable (or have the property that every
open subset is paracompact), then for n > 0, f*: HY(U;G) — He( f~1(U);G)
is an isomorphism for all open U C X and all ¢ <n if and only if
He(f1(x);G) = O for all x € X and all ¢ < n.

We present an example to show that the condition that f be a closed map
is necessary in theorem 15.

16 exampLE Let X' = {(x,y) E R?|x2 + y2 = lora? + y? <1, x> 0}
and let X = [0,1]. Define f: X’ — X by

fep =) T34

Then f is a continuous surjective map but not a closed map. Furthermore,

closed semicircle t=20
f71(#) = | closed interval 0<t<l
single point t=1

Because the unit circle S? is a strong deformation retract of X/,
HY(X';G) =~ H{(S},G) = G.

Since HY(X;G) = 0, the homomorphism f*: HY(X;G) — HY(X’;G) is not an
isomorphism.

17 exampLE Let X C R? be the space of example 2.4.8, illustrated below:
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Ay

0,—2) B (1,—2)

There is a closed continuous surjective map f of X onto the space Y consisting
of the four sides of the rectangle

0,0) (1,0)
(0,-2) 1,-2)
such that
“1(y) = {single point y 7 (0,0)
fiy) = closed interval y = (0,0)

It follows from theorem 15 that f*: A*(Y;G) = H*(X;G) for any G, and
therefore the map f is not null homotopic.

18 taeoreM Let f: X' — X be a proper surjective map between locally
compact Hausdorff spaces and assume that for some n > 0, Hi( f1(x);G) = 0
forallx € X and all ¢ < n. Then

f*: HY(X;G) — H(X";G)
is an isomorphism for ¢ < n and a monomorphism for ¢ = n.

proor If either X or X’ is compact, the other one is also compact, and the
result follows from lemma 6.6.9 and theorem 15. If neither X nor X’ is
compact, let X* and X'* be their one-point compactifications and extend fto a
map f*: X'* - X* mapping the point at infinity of X'* to the point at infinity
of X*. Then f* satisfies the hypotheses of theorem 15, and the result follows
from corollary 6.6.12 and theorem 15. =

l 0 CHARACTERISTIC CLASSES

This section is a culmination of our general work on homology theory. We
use the cup product and Steenrod squares to define characteristic classes of a
manifold and of one manifold imbedded in another. These characteristic
classes are important invariants of the manifold and have interesting applica-

tions to nonimbedding problems. .
Let X be an n-manifold with boundary X and U € HYX X X, X X X — §(X))
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be an orientation (over R) of X. Let j: X — X C X be the inclusion map.
Then the maps

ix1:(X =X X (XX) CXx(XX)
I X (XX) x (X =X)C(X,X) xX

are both homotopy equivalences. Therefore there are elements
Ur € HYX X (X,X)) Us € HY{((X,X) X X)
such that
(X 1D*U = U[(X = X) X (X,X) (IX)*Uz=U|(XX) X (X - X)

If X is compact, let z € H,(X,X) be the fundamental class of X corresponding
to U, as in theorem 6.3.9. The Euler class of a compact oriented manifold X,
denoted by x € H*X,X), is defined by

X = (Ul W/ Ug)/z

The reason for the name is furnished by theorem 2 below.

Assume that R is a field and that X is a compact n-manifold with bound-
ary X. By theorem 6.9.11, H,(X) and H, (X,X) are finitely generated. If {u;}
is a basis of H*(X) and {v;} is a basis of H*(X,X), then by the Kiinneth for-
mula for cohomology, {u; X v;} is a basis of H*(X X (X,X)). Hence

U; = izjaijui X vy
for some scalars a;;. Let bjy = (vj v uy, z), where z is the fundamental class

corresponding to U. Then we have matrices A = (a;;) and B = (by), and the
following expresses their relation to each other.

1  rEmMma With the above notation,
(AB)ir = (—1)mdes by

PROOF The proof is essentially the same as that for theorem 6.3.12. Because
z is the fundamental class corresponding to U, it follows that

Ui/z = 1 € HYX)
By property 6.1.4, for any k
up = ug v 1 = up v Ur/z = [(ue X 1) v Uil/z
From lemma 6.3.11 it follows readily that
(g X 1) o Up = (1 X ug) v Uy = (=1)ndes w Uy o (1 X uy)

= 2 (—1)rdesuau; X (v ug)
1,7

Hence by property 6.1.2

up = 2 (—1)n des wkaybyu,
1,7

Since {u;} is a basis, this implies the result. =
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2 THEOREM If x is the Euler class of a compact n-manifold X oriented
over a field, then {x,z) is the Euler characteristic of X.

PROOF We first compute U,. Let T: X X X — X X X be the map inter-
changing the factors. There is a commutative diagram, with all vertical maps
induced by maps defined by T and all horizontal maps induced by inclusions,

Hr(X X X, X X X — 8(X)) = H{((X — X) X (X,X)) <LZ2° Ha(X x (X,X))
%] Tt | 4T3
HYX X X, X x X — 8(X)) — HY{(X,X) x (X — X)) {220 Hn(x,X) x X)

In the proof of lemma 6.3.11 it was shown that 7% U = (—1)"U. Therefore
T3 Uy = (— 1)*l, and so

Uy, = (—1)”T§<( kElakluk X Dl)

(=1 = (—1)des we deg Vi gyp; X uy

Therefore
U1 -/ U2 = (
=

1>n (_ 1>deg v; deg ; + deg u, deg v, aijakl(ui W) UZ) X (U]' V] uk)

2
I 2 (

_ 1)deg v, deg v; + deg w, deg v, +deg v, deg vy g0, (v; U ;)
X (v uy)
where the summation is over all 4, j, k, and [ such that
deg u; + deg v; = n = deg ux + deg v,
It follows that
Uy w U = X (—1)des U1 o Uy) X (0] Ug)
Using lemma 1,
X2 =(Urw Uz, 2 X 2)

”Ek z (—1)de8 %aybjrarby;

= 2 (—1)0es w(AB)yx (AB)s

% (—1)des w,

and the last sum is the Euler characteristic of X. =

Classically, the Euler class is usually taken to be the Euler class (in our
sense) over Z. For any pair (Y,B) whose homology is of finite type, it follows
from the universal-coefficient formula for cohomology (theorem 5.5.10) that

HY(Y,B; R) =~ HYY,B; Z) ® R
Therefore the monomorphism Z — R induces a monomorphism

HY(Y,B; Z) — H%(Y,B; R)
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In particular, the monomorphism H*(X,X; Z) — H*(X X; R) maps Euler class
to Euler class, and therefore theorem 2 remains valid for the integral Euler
class of X.

We now specialize to the case where the coefficient field is Zs, in which
case U, hence also Uy, and (if X is compact) z, are all unique. There is the
Thom isomorphism

P*: HYX — X) = Hr (X — X) X (X — X), (X — X) X (X — X) —8(X — X))
defined by ®*(v) = (v x 1) v U’, where
U=U[{(X—-X)X(X~-X),(X—-X) X (X=X —§X— X))
®* can be extended to
O*: Hi(X) > Hr' (X X X, X X X —§(X))

by ®*(v) = (v X 1)\ U. There is a commutative diagram whose vertical
maps are isomorphisms

HyX) 25 HrtX x X, X X X — §(X))
=] =]

HY(X — X) 25 Ho*n((X — X) X (X — X), (X — X) X (X = X) —8(X — X))
from which it follows that ®* is also an isomorphism on H¢(X). For i > 0 the
ith Stiefel-Whitney class of X, w; € H{X;Z,), is defined by the formula

* (w;) = SqU
[that is, Sq'U = (w; X 1) w U]. Following are some examples.
3 By condition (@) on page 271, wo = 1.

4 By condition (b) on page 271, if X is a compact n-manifold without
boundary, w, is the Euler class of X over Zs.

3 By condition (¢) on page 271, w; = 0 for i > dim X.

6 A manifold X is orientable over Z if and only if w; = 0 (see exercise
5.H.34d).

If X is compact and z € H,(X,X) is the fundamental class of X over Z,
then, by property 6.1.4,

where Uy € H*(X X (X,X)) corresponds to U. We use this to determine the
Stiefel-Whitney classes of a compact X in terms of cohomology operations
in X. For i > 0 the homomorphism Sqi: H"~(X,X) — Hn(X,X) has a transpose
homomorphism Sqi: H,(X,X) — H,_;(X,X) such that

(Sqiuz) = (u,Sqizy  u € Hi(X.X)

where z is the fundamental class of X. By the isomorphism of theorem 6.3.12,
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K,: Hi(X) =~ H,_i(X,X)
and there is a unique V; € H{X) such that «,(V;) = S—q%(z) Then for
u € Hn-i(X,X; Zz)
(Sqiuz)y = (u,S_q’iz) = {u,k,(V;))
= (u, VI K\Z> = (uu Vi, Z>
This equation holds trivially if deg u - n — i. The following Wu formula

shows that the classes V; and the Stiefel-Whitney classes w; determine each
other.

7 THEOREM In a compact n-manifold, forq > 0
w,= 2= SqiV;
O<i<q

PROOF We have U; = = a;u; X v;, where {u;} is a basis of H* (X,Z2) and
{v;} is a basis of H* (X,X; Zs). By the Cartan formula, condition (d) on page 271

SqU= 3 aySq*u; X Sq';
kt+l=q
Let V; = 2 ¢jmtm. Then we have
we= (SqU)/ z = kg ai(8q';,2) Sq*u;
+i=q
= 2 ai,-(vj o/ Vl, Z> Sq"ul
k+l=q
= E LlijClm<Uj v U, Z> Sq"ul
k+l=gq
= 2 ai;bimCimSqru;
k+lz=q
Using lemma 1, we find that

— Saky; = k
We = k+§:q C“Sq Wi = k;:q Sq Vl .
Let Pr be the real projective n-space and let w be a generator of H(P)
for any n > 1. We use lemma 5.9.4 to compute Sqi(w’) in the following
examples.

8 For the real projective plane P2, Sql(w) = w?; therefore V;i(P?) = w,
w1(P?) = w, and wq(P?) = w2

9 For P3, Sq?(w) = 0 and Sqi(w?) =0, so V;(P3) =0 for i >0 and
wi(P3) = 0 fori > 0.

10 For P4, Sq2?(w?) = w* and SqY(w3) = w*, so Vy(P4) = w, Va(Pt) = w?,
wi(PY) = w, wa(P*) = 0, w3(P*) = 0, and w4(P*) = wt.

11 For P5, Sq?(w3) = w® and Sqi(w?) = 0, and Vy(P5) = w? is the only non-
zero V;(P5), where i > 0. Hence w(P%) = 0, w(P?) = w?, w3(P?) =0,

w4(P%) = w*, and w5(P?) = 0.

The Euler class and Stiefel-Whitney classes of a manifold X are topolog-
ical invariants associated to X. We shall now define characteristic classes for a
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manifold X imbedded in a manifold Y. These will be topological invariants of
the imbedding. First, however, we need an algebraic digression.

In our consideration of the slant product we limited ourselves to one of
the two possible slant products. We now introduce the other one. Given chain
complexes C and C’, a cochain ¢* € Hom (C® C'),, G), and chain
¢ € C; ® G, there is a slant product c\c¢* € Hom (C;,_,, G ® G’) which is
the cochain such that if ¢ = 2 ¢; ® gf, with ¢; € C, and gf € G/, then

(e\e* ¢y = 2{c*, c; ® ¢y ® g ¢ €Chy
Then d(c\c*) = (=1)9c\bc* — ac\c*)
from which it follows that there is an induced slant product of HY(C ® C’; G)
and Hy(C;G') to H*9(C’; G ® G’). This gives rise to a topological slant
product of H*(X,A) X (Y,B); G) and Hy(X,A; G') to H*9(Y,B; G ® G’) having
properties analogous to 6.1.1 to 6.1.6. We list without proof two of these, to
which we shall have occasion to refer.

12 Given u € HY(X,A) X (Y,B); G), z € Hy(X,A; G”), and v € H?(Y,B; G),
let : GRG' G — GO G & G” interchange the last two factors.
In Hvam2(Y,B; G ® G’ ® G”) we have

Tw ((2\v) v v) = 2\[u v (1 X )] =
13 Given u € H{(X,A) X (Y,B); G), v € H?(X,A; G'), and z € Hy(X,A; G"),
then, in H»*7=9¢(Y,B; G ® G’ ® G"),
(v~z2\u=2\[uw(vx1)] =
Let Y be an m-manifold without boundary and
UeHMY XY, YXY~—8Y);R)
an orientation of Y over R. Given a pair (A,B) in Y, we define
Yu: Hy(AB; G) —» H»9(Y — B, Y — A; G)
by
Yile) = A\[U|(AB) X (Y = B,Y = A)] 2 € HyAB; C)
Then we have the following complement to the duality theorem.
14 Lemma  Let X be a compact homologically locally connected space in

an m-manifold Y with orientation class U. Then we have an isomorphism for
all g and all G

i Hy(X;G) = H (Y, Y — X; G)

PROOF Since X is compact and homologically locally connected, it follows
from theorem 6.9.11 that H(A(X)) is of finite type. By lemma 5.5.9, there is a
free chain complex C of finite type which is chain equivalent to A(X).
Let A: C — A(X) be a chain equivalence. Let A’ and C’ be the chain complexes
obtained by reindexing the cochain complexes Hom (A(X),R) and Hom (C,R),
respectively, so that Aj = Hom (Ap,_(X),R) and C; = Hom (C,,_g,R). The
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chain equivalence A defines a chain equivalence A': A’ — C’. Because C is
free and of finite type, so is C’' [A” will not be free, in general, because A(X)
need not be of finite type].

Let ¢* € Hom ([A(X) ® (A(Y)/A(Y — X))]m, R) be an m-cocycle corre-
sponding to U| X X (Y, Y — X) under the Eilenberg-Zilber isomorphism and
define a map

= AY)/AY — X) - A
by 7(¢c)=c*/cfor c € A(Y)/A(Y— X). If deg ¢= g,
A(7(0) = 8(c*/c) = (—1)m=49c*|dc = (—1)™ 97 (dc)

so 7 either commutes or anticommutes with 9, depending on degree. Hence 7
induces homomorphisms 7, on homology and * on cohomology for any
coefficient module. Clearly,

e = vo: H(Y, Y — X; R) — H™9(X;R)

Because X is homologically locally connected, by corollary 6.9.8, X is taut in Y,
and by the duality theorem, yy, and hence Ty, is an isomorphism. Therefore
the composite A’ > 7 induces an isomorphism Ny ° 7, of H/(Y, Y — X; R)
with Hy(C') = H™ 9(C;R). Since A(Y)/A(Y — X) and C’ are both free, it
follows from the universal-coeflicient formula for cohomology (theorem 5.5.3)
that for any G

(N o 1)* = 7% o \*; H*(Hom (C',G)) = H* (Hom (A(Y)/A(Y — X), G))

There is also a commutative diagram

HyAX) ® 6) &2 Hy(c® @)

! =
Hm=4(Hom (A',G)) ——— Hm(Hom (C', G))
where the vertical maps are induced by the canonical map
A ® G — Hom (Hom (A,R), G)

for any module A (the right-hand vertical map being an isomorphism because
C is of finite type). Hence there are isomorphisms

Hy(X;G) = H™ 9(Hom (A",G)) > H™ (Y, Y — X; G)
It only remains to verify that this composite is y{. If o € Ay(X) and
g € G, the composite
Ag(X) ® G — Hom (Ay_,G) 2220, Hom (A, o Y)/Am_o(Y — X),G)
maps ¢ & g to the homomorphism h such that if o’ € A,_i(Y),

h(c") = 7(0') (0 ® g) = (¢* /0')(oc ® g)
={c*, 6 ®o'Yg = [(0 ® g)\c*](0")
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Therefore h = (0 ® g)\c*, and this gives the result on passing to homology. =
Let X be a closed subset of a space Y tautly imbedded with respect to
singular cohomology andlet A C X. Assuming X — A tautin ¥ — A, we define
H(Y,Y - X; G)w H(X, X — A; G)— HrY9(Y, Y — A; G)
where G and G’ are paired to G”. If V is any neighborhood of X in Y and V'
is a neighborhood of X — A in V — A, there is a cup product
H/V,V — X; G)w H(V,V'; G') - Hrtq(V, (V- X) U V; G")
There are excision isomorphisms (for all coeflicients)

He(Y,Y — X) = Ho(V, V — X)
Heta(Y, Y — A) =~ Hvto(V, V — A)

Since V— A = (V — X) U V' we have a cup product
H(Y,Y — X; G)w H(V,V'; G') — Hrrq(Y, Y — A; G")

As V varies over neighborhoods of X in Y and V' varies over neighborhoods
of X — Ain V — A, it follows from the tautness assumptions and the five
lemma that lim, {H*(V,V’; G')} = H*(X, X — A; G'). The desired cup
product is thus obtained by passing to the direct limit with the above cup
product.

Let X be a compact n-manifold without boundary imbedded in an
m-manifold Y without boundary. Assume that U and U’ are orientations of
X and Y, respectively, over R. There is then an isomorphism (for any R
module G)

0: Hi(X;G) =~ Hm+4(Y, Y — X; G)

characterized by commutativity in the triangle of isomorphisms (note that X
is homologically locally connected, and so lemma 14 applies to X C Y)

H,_o(X;G)
W
Hy(X;G) & Hm (Y, Y — X; G)

This map 6 is similar to a Thom isomorphism and has the following
multiplicative property.
15 temma  The isomorphism 6: HY(X,G) = H™ %Y, Y — X; G) has the
property that for v € HY(X;G)

6(v) = =0(1) w v

where (1) € H» (Y, Y — X; R)
PROOF Let z € Hy(X;R) be the fundamental class of X corresponding to U
and suppose v = i* v for v’ € Ho(V;G) and i: X C V, where V is a neighbor-

hood of X in Y. By theorem 6.3.12, vy 1(v) = v~z = ij*v’ ~ z. Then,
using properties 12 and 13 (with all equations holding up to sign),
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B0) | (V, V — X) = =(i*0 ~2\[U'| X X (V, V — X)]

iy (%0 ~2\[U'|V X (V, V = X)]
(0" ~ig2\[U'|V X (V, V — X)]
+i 2\ [U|V X (V, V= X)] w (v X 1)}
i, 2\[U'[V X (V, V= X)] © (Iy X v)}
2\([U'] X X (V, V= X)] © (L X v)}
+[61) | (V, V — X)]w v/

+[6(1) w o] | (V, V — X)

Since H*(Y, Y — X) = H*(V, V — X), this gives the result. =

1 T | T

o

Our next result, a consequence of lemma 15, follows immediately from
the definition of the cup product, H?(Y, Y — X) v HYX) — Hr*¢(Y, Y — X).

16 cororLAarY Let X be a compact oriented n-manifold imbedded in an
oriented m-manifold Y, both without boundary. For any element v € Hi(Y;G)
we have
v | X) = +=0(1) vv =
The normal Euler class of X in Y, denoted by xxy € H* ™ X;R), is
defined by the equation
O(xx,y) = 6(1) w 6(1) € H2m=n)(Y, ¥ — X; R)

Since (1) w 8(1) = 6(1) — [6(1) | Y], we obtain from corollary 16 the fol-
lowing characterization of the normal Euler class.

17 tHEOREM If a compact n-manifold X is imbedded in an m-manifold Y,
both without boundary and oriented over R, the normal Euler class

xxy=01)|X. =

In particular, if H® "(Y;R) — H™ "(X;R) is trivial, it follows that the
normal Euler class is zero. Thus, if Y is Euclidean space, the normal Euler
class of any compact X imbedded in Y is zero.

For i > 0 the ith normal Stiefel-Whitney class of X in Y, w; € H(X;Z,),
is defined by

() = Sqi6(1)

Here are some examples.

18 By condition (a) on page 271, @y = 1.

19 By condition (b) on page 271, if k = dim Y — dim X then & is the
normal Euler class of X in Y over Z».

20 By condition (c) on page 271, @; = 0 for i > dim Y — dim X.

There is an important relation between the Stiefel-Whitney classes of X
and Y and the normal Stiefel-Whitney classes of X in Y toward which we are
heading.
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21 remma Let X be a compact n-manifold imbedded in an m-manifold Y,
both without boundary. Let U and U’ be the orientation classes of X and Y,
respectively, over Zy and let (1) € H» Y, Y — X; Z3). Then

UX XY, XXY—-8X)=1x01] U
proor If X’ is a component of X, it suffices to prove that
Ul/X XY, XXY—-8XN=[NxD] U)X XY,X XY— 38X

Hence we may assume X connected, in which case (X X ¥, X X Y — 8(X)) is
a fiber-bundle pair over X with fiber pair (Y, Y — xo), where xo € X. Since
U'(X XY, X XY — §X))is an orientation over Zy of this bundle pair, and
there is a unique orientation over Zs, it suffices to prove that [1 X 6(1)] « U
is also an orientation over Z, of this bundle pair. That is, we need only show
that for x € X, ([1 x 8(1)] « U)|x X (Y,Y — x) is nonzero. This will be so
if its image in x X (Y, Y — X), which equals ([1 X §(1)] « U) [x X (Y, Y — X),
is nonzero. Because U € H*(X X X, X X X — §(X)) is an orientation,
Ulx X (X, X —x) =1, X u, where u € H(X, X — x) is nonzero. Because
HYX, X — x) — HYX) is a monomorphism [dual to the monomorphism
Ho(x) — Hy(X)], u| X is nonzero. We have

(I wU)ax Y, Y —-X)=[l, x D] w1, X ulX)
=1L, x[)vwu|lX] =1, X 0u|X
Since € is an isomorphism, this implies that ([1 X 6(1)] w U)|x X (Y, Y — X)
is nonzero. ™

From this result we have the following Whitney duality theorem.

22 tHEOREM Let X be a compact n-manifold imbedded in an m-manifold
Y, both without boundary. For k > 0

itj=k
where wi(Y ), wi(X), and w; denote the Stiefel- Whitney classes of Y, X, and
X in Y, respectively.

PROOF The result follows easily from lemma 21 and the Cartan formula
(rather, the equivalent form of lemma 5.9.4):

([we(Y) | X] X 1y) v U [(X X Y, X X Y — §(X))

= ([wi(¥) X Ty« U) [ (X X Y, X x Y — 8(X)

=S¢FU (XX Y, X XY —=8X) =Sqg:(U' | (X X ¥, X X Y — §(X)))
Sq*([1x X 6(1)] « U) =”§:k [Lx X Sq'0(1)] « S¢U
1'3::1:(1)( X [0(1) v wy]) v [wi{X) X 1x] w U

i+j=k

([, 2 0w w(X)] X 1y) w U)[ (XX Y, X XY~ X))

i+j=k
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By the Thom isomorphism theorem, this implies the result. =

In case Yis Euclidean space, wi(Y) = 0 for k > 0, and theorem 22 shows
that w; and w;(X) determine each other recursively. In particular, the classes
w; are independent of the imbedding of X in the Euclidean space. If Xis a
compact n-manifold imbedded in R7*4, it follows from example 19 and 20
and from the fact that the Euler class of X in R**4 is zero that w; = 0 for

i > d. This gives the following necessary condition for imbeddability of X in
Rntd,

23 coroLLARY Let X be a compact n-manifold imbedded in R**4 and let
w; € H%X,Zz) be deﬁned by

_ 1 k=

Then w; =0 fori>d. =

We present some examples.

24 For P?2, wy(P?) = w and wy(P?) = 0, so P? cannot be imbedded in R3.
25 For P3, w;(P3) = 0 for i > 0.

26 For P4, wy(P*) = w, Wa(PY) = w?, ws(P?) = w3, and wy(P*) = 0. There-
fore P4 cannot be imbedded in R,

27 For P5, 11)1<P5> = 0, 11—.)2(P5> = w2, LD3(P5) = 0, 12)4(P5) = 0, and 11)5(1)5) = 0.
Hence P° cannot be imbedded in R7 (which is also a consequence of example 26).

The last examples show the importance of calculating w;(P"), which we
now do.

28 tHEOREM Let ()2 be the binomial coefficient (%) = nl/il(n — i)! reduced
modulo 2. Then

wi(Pr) = ("j1)w!

prROOF Since ("Fl)2 =n + 1 = x(P?), the result is true for i = n. For
i <n, wheren > 1, we suppose P! linearly imbedded in P*. Then P» — pPr~1
is an affine space, hence H*(P* — P»~1) = 0 and HY(P", P»— Pr-1) =~ He(Pn).
Then the normal Thom class 6(1) ¢ HY(P», Pr — P*"1) maps to w in H9(P),
so w; = w. By theorem 22, w;i(Pr)| P! = wy(Pr1) + w v w;_¢(Pr1).
Since Ha(Pr) == He(P*~1) for g < n, it follows by induction on n that

wiPr) = [(;2)2 + (Pelw’ = (")t =

EXERCISES

A MANIFOLDS
1 If X is an n-manifold with boundary X, prove that X is 2 homology n-manifold whose
boundary, as a homology manifold, equals X.
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In the rest of the exercises of this group, X will be an n-manifold without boundary and
R will be a fixed principal ideal domain.
2 If T is a local system of R modules on X, prove that for any A C X

HAX X, AXX—-65A;RxI)=0 qg<n

(Hint: Prove this first for A contained in a coordinate neighborhood of X. Prove it next
for compact A by using the Mayer-Vietoris technique. Then prove it for arbitrary A by
taking direct limits over the family of compact subsets of A.)

3 Prove that there is a local system Iy of R modules on X such that
Fx(x) = HYX, X — x; R) for x € X.
For x € X let z, € Hy(X, X — x; TI'x) be the generator corresponding under the
isomorphism

H.(X, X — x; I'y) = Hom (H¥X, X — x; R), H*X, X — x; R))
to the identity homomorphism of H*X, X — x; R). A Thom class of X is an element

Uc HYX x X, X X X — 8(X); R X Hom (Ty,R))

such that (U] [x X (X, X — x)])/z; = 1 € HYx;R) for all x € X.

4 If V is an open subset of X and U is a Thom class of X, prove that
UI(VXV,VxV—48§V))isa Thom class of V.

3 Prove that R” has a unique Thom class.
6 Prove that X has a unique Thom class. [Hint: Use exercise 2 to show that

H(X X X, X X X — 8(X); R X Hom (Ty,R)) =~
lim . {HY(V x X, VX X — 8(V); R X Hom (I'y,R))}

where V varies over finite unions of coordinate neighborhoods. Then the result follows
from exercises 4 and 5 by Mayer-Vietoris techniques. ]

If (A,B) is a pair in X and G is an R module, define
vt H(X — B, X — A; 'y ® G) - H"9(A,B; G)
by y(z) = [U|(A,B) X (X — B, X — A)]/z, where U is the Thom class of X. As (V,W)
varies over neighborhoods of a closed pair (A,B) in X, there are isomorphisms
Hm, (HfX — W, X -~ V; Ty ®@ G} =Hy(X - B X-A;Tx®CG)
and lim. {H9(V,W; G)} =~ H"4(A,B; G)
and a homomorphism
i Hy(X — B, X — A; Ty ® G) — A" 9A,B; G)

is defined by passing to the limit with v.

'@ Duality theorem. Prove that for a compact pair (A,B) in X, 7 is an isomorphism.

B THE INDEX OF A MANIFOLD

1 Let X be a compact n-manifold, with boundary X oriented over a field R, and let
[X] € Hui(X.X; R) be the corresponding fundamental class. For u € H(X,X; R) and
v € H""9(X;R) prove that gx(u,0) = (u v v, [X]) € R is a nonsingular bilinear form from
He(X,X) x H"9(X) to R [that is, u = 0 if and only if @x(u,v) = 0 for all v].

2 With the same hypotheses as above, let [X] = 8[X] € H,_;(X;R) and let ¢z be the
corresponding bilinear form from He~1(X;R) x H* ¢ X;R) to R. Let j: X C X, and
if u € He"1{(X;R) and v € H»9(X;R), prove that
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Pi(uj*(v)) = x{(8(u),0)
3 Prove that the Euler characteristic of any odd-dimensional compact manifold is O

and the Euler characteristic of an even-dimensional compact manifold which is a boundary
is even. (Hint: If X is the boundary of a (2n + 1)-manifold X, then, with Z, coefficients,

dim im [j*: HYX) > H¥X)]) = dim im [§: H{X) — H**1(X,X)]
and their sum equals dim H"(X).)
Let Y be a compact 4m-manifold, without boundary oriented over R, and define the
index of Y to be the index of the nonsingular bilinear form gy from H2®(Y;R) x H2m(Y;R)
to R (when ¢y is represented as a sum of k squares minus a sum of j squares, the index
of pyis k — ).
4 If Y is oppositely oriented, prove that its index changes sign. Show that the index of
the product of oriented manifolds is the product of their indices.

8 If X is a compact (4m + 1)-manifold, with boundary X oriented over R, prove that
The index of X is 0. [ Hint: Prove that j*(H2™(X;R)) is a subspace of H2™(X;R) whose dimen-
sion equals one-half the dimension of H2™(X;R) and on which ¢# is identically zero. This
implies the result.]

€ CONTINUITY

1 Let {(X;Aj), m*};cs be an inverse system of compact Hausdorff pairs and let
(X,A) = lim. {(X;,A;)}. Prove that (X,A) can be imbedded in a space in which it is
a directed intersection of compact Hausdorff pairs {(X},A})};.s, where (X},Aj) has the same
homotopy type as (X;,A;). [Hint: For each j € ] imbed X; in a contractible compact
Hausdorff space Y;, er example, a cube, and let (X;,A%) C X;.s Y; be defined as the pair
of all points (y;) with y, in Xi or in Ag, respectively, such that if j < k, then y; = 75yx),
and if j 4 k, then y; is arbitrary.]

2 Prove that a cohomology theory has the continuity property if and only if it has the
weak continuity property.

3 The p-adic solenoid is defined to be the inverse limit of the sequence
Stel St i Stelge ...

where f(z) = z¢. Compute the Alexander cohomology groups of the p-adic solenoid for
coefficients Z, Z,, and R.

4 Generalize the solenoid of the preceding example to the case where there is a
sequence of integers ny, ng, . . . such that the mth map of §! to S! sends z to z*m. Com-
pute the integral Alexander cohomology groups of the resulting space.

8 Find a compact Hausdorff space X such that ﬁq(X;Z) = 0if g % 1and HY(X;Z) = R.

D CECH COHOMOLOGY THEORY

1 Let () be an open covering of (X,A) (q is an open covering of X and A4’ C U is
a covering of A) and let K(?l) be the nerve of QU and K'(U) the subcomplex of
K(1) which is the nerve of A’ N A = {U’' N A| U’ € A’'}. Prove that the chain com-
plexes (C(K(%)),C(K'(A'))) and (C(X(?)),C(A(AU"))) are canonically chain equivalent. (Hint:
If s = {Up, . . . U} is a simplex of K(?) [or of K'()], let A(s) be the subcomplex of
X(®) [or of A(Q)] generated by all simplexes of X() [or of A(Q)] in N U; If
s" = {x0, . . . ,xq} is a simplex of X(A) [or of A’(A)], let u(s’) be the subcomplex
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of K() [or of K'(?)] generated by all simplexes {U,, . . . ,U,} of K() [or of
K'(%")] such that U; contains s" for 0 < i < r. Then C{A(s)) and C(p(s")) are acyclic, and
the method of acyclic models can be applied to prove the existence of chain maps

73 (CK(W)),CK'(AW))) — (C(X(W)),CA)

7' (CX(W)),CA())) — (CIK (W), CK'(W)))
such that 7(C(s)) C C(A(s)) and 7'(C(s")) C C(u(s’)). Similarly, the method of acyclic
models shows that 7 and 7’ are chain homotopy inverses of each other.1)
2 Let (V,V") be a refinement of (,), let 7: (K(V),K'(V")) — (K(),K'(2")) be a pro-
jection map, and let j: (X(V),A(V")) C (X(91),A(U)). For any abelian group G prove that
there is a commutative diagram

H*(KQ),K'Q); G) =~ H*(XQ,AQ); G)
W‘l \L]'
H*(K(V),K(V); G) = H*(X(V),A(V); G)

where the horizontal maps are induced by the canonical chain equivalences of exercise 1
above.

3 The Cech cohomology group of (X,A) with coefficients G is defined by H* (X,A; G) =
lim_, {H* (K(QU),K'("); G)}. Prove that there is a natural isomorphism

H*(XA; G) = H*(X,A; G).
4 If dim (X — A) < n, prove that H4(X,A; G) = 0 for all ¢ > n and all G.
E THE KUNNETH FORMULA FOR CECH COHOMOLOGY
If K; and Kj are simplicial complexes, their simplicial product K; A K, is the simplicial
complex whose vertex set is the cartesian product of the vertex sets of Ky and of K5 and

whose simplexes are sets {(vo,wq), . . . ,(Vgwq)}, Where vy, . . . , v, are vertices of
some simplex of Ky and wo, . . . , wy are vertices of some simplex of K.

1 Prove that K; A Ky is a simplicial complex, and if Ly C Ky and L, C K2, then
L{A Ly C Ky AKs.

2 For simplicial pairs (Kq,L1) and K3,Ls) define
(K1,Ly) A (Kg,Lp) = (K1 A Kg, Ky A Ly U Ly A Ky)

Prove that C((K3,L1) A (Kg,L2)) is canonically chain equivalent to C(Ky,L;) ® C(Kg,Lo).

(Hint: Use the method of acyclic models.)

3 Call an open covering (% %') of (X,A) special if %' ={(U&E % | UN A # ¢). If
(% ') is a special open covering of (X,A) and (%, 7") is a special open covering of (Y, B),
let (% %') X (7[7")= (¥, %") be the special open covering of (X,A) X (Y,B) where
W ={UXV|IUE % VE Y}and #' =(UX V|UE %' or VE 7"}. Prove that
(K(H), K(H) = (K(), K'(2")) AK(7), K (7).

4 If Ais closed in X, prove that the family of special open coverings of (X,A) is cofinal
in the family of all open coverings of (X,A). If (X,A) and (Y,B) are compact Hausdorff
pairs, prove that the family of coverings of (X,A) X (Y, B) of the form (% %') X (#7")
where (% %') is a special open covering of (X,A) and (7 7"') is a special open covering
of (Y, B) is cofinal in the family of all open coverings of (X,A) X (Y, B).
! For details see C. H. Dowker, Homology groups of relations, Annals of Mathematics, vol. 56,
pp. 84-95, 1952.
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5 If (X,A) and (Y,B) are compact Hausdorff pairs and G and G’ are modules such that
G * G’ = 0, prove that there is a short exact sequence

0— (I;Pf ® H#)? — HY((X,A) X (Y,B); G® C) — (H¥ * Hf)1 -0
where H¥ = H*(X,A; G) and H¥ = H*(Y,B; &').
6 Let (X,A) and (Y,B) be locally compact Hausdorff pairs with A and B closed in X

and Y, respectively. If G and G’ are modules such that G * G’ = 0, prove that there is a
short exact sequence

0— (A2, ® A¥ 2)0 — AA(XA) X (VB G#* G)— (B 1 [ )71 — 0
where H¥ ;| = H¥(X,A; G)and H¥ » = H¥(Y,B; G).

F LOCAL SYSTEMS AND SHEAVES

Throughout this group of exercises we assume X to be a paracompact Hausdorff space.

1 If T is a local system on X, let I' be the presheaf on X such that for an open
set V.C X, T'(V) is the set of all functions f assigning to each x € X an element
flx) € I'(x) with the property that for any path w in V, flo(1)) = I'(w)( f{w(0))). Prove that
I is a sheaf on X and the association of T to T is a natural transformatlon from local sys-
tems to sheaves.

2 A presheaf I on X is said to be locally constant if there is an open covering A = {U}
of X such that if U € U and x € U, then I'(U) = lim., {I'(V)}, where V varies
over open neighborhoods of x. If U € 9l and U’ 1s a connected open subset of U, prove
that the composite
I(U) — T(U) - T(U)
is an isomorphism. Deduce that if T is a locally constant sheaf and U’ is a connected
open subset of U € QL then I'(U ) = [(U").
3 1f X is locally path connected and I" is a locally constant sheaf on X, prove that
there is a local system I’ on X such that T = I".
4 1If X is locally path connected and semilocally 1-connected, prove that there is a one-
to-one correspondence between equivalence classes of local systems on X and equiva-
lence classes of locally constant sheaves on X.
3 If I' is a local system of R modules on X, let Ag(+;T") be the presheaf on X such that
Aa(+;T)V) = A(V;I"| V) for V open in X. Prove that A¢( -;T") is fine.
6 If T'is a local system of R modules on X, let A*(-;T') be the cochain complex of pre-
sheaves A9( - ;I') on X and let A* (- ;T) be the cochain complex of completions Aq( - ;T).
Prove that there is an isomorphism
H* (&% (+:T)(X)) = H* (A% (- :1)(X))
@ Let I be a local system of R modules on X and assume that H9(A* (- ;T')) is locally
zero on X for all ¢ > 0. Prove that there is an isomorphism
H*(X;T) = H*(X;I)
(Hint: Note that T' = HO(A*(+;T)) and apply theorem 6.8.7.)

G SOME PROPERTIES OF EUCLIDEAN SPACE
1 Finda compact subset X of R? that is n-connected for all n and such that H1(X;Z) = Z.
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2 If X is a compact subset of R* and dim X <_n ~ 1, prove that R* — X is connected.

Let A; and A, be disjoint closed subsets of R» and let 2; € H,(Ay;R) and
22 € Hy(A2;R), withp + g = n — 1. If 2y € Hy(A;R), let i € Hy (R R® — AR) be
the image of z; under the composite

Hy(A1) — Hpy(R* — Az) 25 Hp (R, R™ — Ay)
The linking number Lk (z1,22) € R is defined by
Lk (21,22) = (yulz1),22)
where Uis an orientation class of R* over R fixed once and for all.
3 Prove that Lk (z1,22) = (U, iy (22 X 1)), where
it A2 X (R", R* — Az) C (R* X R, R* X R* — §(R%))
4 Assume that Lk (20,21) is also defined [that is, z2 € Hy(As)]. Prove that Lk (21,22) =
(= 1)Pat Lk (z2,21).

5 Let Ay be a p-sphere and A; a g-sphere imbedded as disjoint subsets of R*, where
p + g = n — 1. Prove that H,(A)) & Hp(R® — A,) is trivial if and only if
Hy(Az) » Hy(R® — A,) is trivial.

H IMBEDDINGS OF MANIFOLDS IN EUCLIDEAN SPACE
1 Prove that a compact n-manifold which is nonorientable over Z cannot be imbedded
in Rnt1,
2 Let X be a compact connected n-manifold imbedded in R**! and let U and V be
the components of R**1 — X, Let i: X C R**1 — Uand j: X C R**1 — V and prove
that over any R, i*(H*(R**! — U)) and j*(H*(R"*!* — V)) are subalgebras of
H*(X)

{i*j*): H(Rn! — U) @ HyR»*1 — V) = He(X) 0<g<n
3 Prove that for n > 2 the real projective n-space P* cannot be imbedded in R**1,



CHAPTER SEVEN
HOMOTOPY THEORY



WITH THIS CHAPTER WE RETURN TO THE CONSIDERATION OF GENERAL HOMOTOPY
theory. Now that we have homology theory available as a tool, we are able to
obtain deeper results about homotopy than we could without it. We shall con-
sider the higher homotopy groups in some detail and prove they satisfy
analogues of all the axioms of homology theory except the excision axiom. We
introduce the Hurewicz homomorphism as a natural transformation from the
homotopy groups to the integral singular homology groups. It leads us to the
Hurewicz isomorphism theorem, which states roughly that the lowest-dimen-
sional nontrivial homotopy group is isomorphic to the corresponding integral
homology group.

We discuss next the concept of CW complex. The class of CW complexes
is particularly suited for homotopy theory because it is the smallest class of
spaces containing the empty space and, up to homotopy type, is closed with
respect to the operation of attaching cells (even an infinite number).

The last main result is the Brown representability theorem. It character-
izes by means of simple properties those contravariant functors from the
homotopy category of path-connected pointed CW complexes to the category

363
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of pointed sets that are naturally equivalent to the functor assigning to a
CW complex the set of homotopy classes of maps from it to some fixed
pointed space.

Section 7.1 contains a general exactness property for sets of homotopy
classes. Section 7.2 contains definitions of the absolute and relative homotopy
groups and proofs of the exactness of the homotopy sequences of a pair, a
triple, and a fibration. In Sec. 7.3 we consider the extent to which the homo-
topy groups depend on the choice of the base point used in their definition and
prove analogues for the higher homotopy groups of properties established in
Chapter One for the fundamental group.

The Hurewicz homomorphism is defined in Sec. 7.4 and the Hurewicz
isomorphism theorem is proved in Sec. 7.5. The proof establishes the absolute
and relative Hurewicz theorems, as well as a homotopy addition theorem, by
simultaneous induction. The Hurewicz theorem implies the Whitehead
theorem, which asserts that a continuous map between simply connected
spaces induces isomorphisms of all homotopy groups if and only if it induces
isomorphisms of all integral singular homology groups.

Section 7.6 introduces the concept of CW complex. Among the elementary
properties established is the cellular-approximation theorem, which is an
analogue for CW complexes of the simplicial-approximation theorem. Section
7.7 deals with contravariant functors on the homotopy category of path-
connected pointed spaces. We prove the representability theorem cited above,
and apply it in Sec. 7.8 to obtain CW approximations to a space or a pair and
to discuss the related concept of weak homotopy type. The representability
theorem will be used again in Chapter Eight.

l EXACT SEQUENCES OF SETS OF HOMOTOPY CLASSES

One of the most important properties of the homology functor is the exactness
property relating the homology of the pair and the homology of each of the
spaces in the pair. A similar exactness property is valid for functors defined
by homotopy classes. This section is devoted to preliminaries about homotopy
classes and a proof of this exactness property. Throughout the section we
shall work in the category of pointed spaces, and unless stated to the contrary,
(X,A) will be understood as a pair of pointed spaces (that is, A has the same
base point as X) in which the subspace A and the base point are closed in X.
Homotopies in this category are understood to preserve base points. If A C X,
we use X/A to denote the space obtained from X by collapsing A to a single
point (this point serving as the base point of X/A). If X" and A are closed
subsets of X, then A/(A N X’) is a closed subset of X/X'. Hence, if (X,A) is a
pair and X’ is closed in X, there is a pair (X/X’, A/(A N X)), which will also
be denoted by (X,A)/X".
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The unit interval I will be a pointed space with 0 as base point. The
reduced cone CX over X is defined to be the space obtained from X X I by
collapsing X X 0 U xo X I to a point (so CX = X X I/(X X 0 U xo x I)).
We shall use [x,t] to denote the point of CX corresponding to the point
(x,t) € X x I under the collapsing map X X I — CX. X is imbedded as a
closed subset of CX by the map x — [x,1]. If (X,A) is a pair, then CA is a
subspace of CX and C(X,A) is defined to be the pair (CX,CA).

1 weEmMma A map f: (X,A) — (Y,B) is null homotopic if and only if there
is a map F: C(X,A) — (Y,B) such that F[x,1] = f(x) for all x ¢ X.

proOF There is a one-to-one correspondence between null homotopies
H: (X,A) X I — (Y,B) of f and maps F:C(X,A) - (Y,B) such that F[x,1] = f(x),
given by the formula

Flxf] = Hx,1 —¢) =

The following relative homotopy extension property can also be deduced
from the relative form of theorem 1.4.12.

2 Lemma  Given f: C(X,A) — (Y,B) and a homotopy G: (X,A) X I — (Y,B)
of fl(X,A), there is a homotopy F: C(X,A) X I — (Y,B) of f such that
FI(X,A) xI=G.

PROOF  An explicit formula for F is

(flx t1 + 1) (1 +1¢)<1
Flxt], t) = {G(x’ l4+¢)—1) 1<Hl+¢) =

The homotopy class of the unique constant map (X,A) — (Y,B) is denoted
by 0 € [X,A; Y,B] [it consists of the null-homotopic maps (X,A) — (Y,B)].
Because the composite, on either side, of a null-homotopic map and an arbi-
trary map is null homotopic, the element 0 is a distinguished element of
[X,A; Y,B], and we regard [X,A; Y,B] as a pointed set with this distinguished
element. Given a map f: (X',A") — (X,A), the kernel of the induced map

f#: [X,A; Y,B] — [X,A’; Y,B]

is defined to be the pointed set f#71(0) and is denoted by ker f#.

We now show how to map another set of homotopy classes into
[X,A; Y,B] so that its image equals ker f#. This will be the basis for the exact-
ness property we seek. The mapping cone C; of a map f: X’ — X is defined
to be the quotient space of CX’ v X by the identifications [x',1] = f(x’) for all
x" € X'. Given a map f: (X, A") — (X,A), let f* X’ - X and f: A’ - A be
maps defined by f. Then C; is a closed subspace of Cr and there is a pair
(Cr,Cy). There is a functorial imbedding i of (X,A) as a closed subpair of
(Cr.Cr).

A three-term sequence of pairs and maps

(XA L (X A) & (X",A")
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is said to be exact if for any pair (Y,B) (where B is not necessarily closed in Y)
the associated sequence of pointed sets

[Y,B; X',A’] L [Y,B; X,A] £ [Y,B; X",A"]

is exact (that is, ker g4 = im fy). Similarly, it is said to be coexact if the
sequence of pointed sets

[X”,A”; Y,B] £ [X,A; Y,B] & [X,A"; Y,B]

is exact (that is, ker f# = im g#). A sequence of pairs and maps (which may
terminate at either or both ends)

o XngpAns1) B (XnAg) L5 (X 1A 1) — - -

is said to be an exact sequence (or a coexact sequence) if every three-term
sequence of consecutive pairs is exact (or coexact).

3 THEOREM For any map f: (X', A") — (X,A) the sequence
(X,A47) L (X.A) 5 (C.Cp)
is coexact.

proOF Let (Y,B) be arbitrary (with B not necessarily closed in Y) and con-
sider the sequence
[Cr.Cps Y.B] &5 [XA; Y,B] L5 [X,A"; Y,B]
We now show that im.4# C ker f#. The composite i ° f: (X', A") — (Cp,Cp)
equals the composite
(X', A"y C C(X',A") C C(X",A") v (X,A) %5 (Cr,Cp)

where k is the canonical map to the quotient. However, the inclusion map
(X",A") C C(X",A’) is null homotopic [by lemma 1, because this inclusion map
can be extended to the identity map of C(X',A’)]. Therefore i ° f is null
homotopic, and so im (f# ° i#) = 0, proving that im i# C ker f#.

Assume that g: (X,A) — (Y,B) is such that f#[g] = 0 (that is, g ° f is null
homotopic). By lemma 1, there is a map G: C(X',A") — (Y,B) which extends
ge°f. Then G and g define a map G": C(X",A")v (X,A) — (Y,B) such that
G| CX',A") = Gand G'| (X,A) = g. Since

Gx.1] = Gx,1] = g(fix)) = G'(f+)) ¥ eX

there is a map h: (Cr,Cpr) — (Y,B) such that G’ = h ° k. Then h|(X,A) = g,
showing that h ° i = g or [g] = #[h]. Therefore ker f# C im i#. =

For a map f: (X",A") — (X,A) we have a sequence
4 (XA L (XA) L5 (Cr.Cr) 5 (Cr.Ci) 5 (Cr,Crr)

and by theorem 3, it follows that this sequence is coexact.
Thus we have succeeded in imbedding the map

f# [XA; Y,B] - [X,A; Y,B]
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in an exact sequence. We shall show that the pairs (C;.,C;~) and (Cj,Cy+) in
sequence 4 can be replaced by other pairs more explicitly expressed in terms
of (X",A"), (X,A), and f.

5 1emma Let (Y,B) be a pair and let Y’ be a closed subset of Y. Assume
that there is a homotopy H: (Y,B) X I — (Y,B) such that

(@) H(y0) =y, fory € Y.
(b) HY X I) C Y.
(C) H(Y’ X 1) = Yo.

Then the collapsing map k: (Y,B) — (Y,B)/Y’ is a homotopy equivalence.
PROOF Define a map f: (Y,B)/Y" — (Y,B) by the equation
fik(y) = Hy,1) yeY

[this is well-defined, because H(Y" X 1) = yo]. We show that f is a homotopy
inverse of k. By definition of f, we see that H is a homotopy from 15 to f ° k.
On the other hand, because H(Y" x 1) C Y’, there is a homotopy

H: ((Y,B)/Y) x I— (Y,B)/Y
such that H'(k(y),t) = k(H(y,t)) for y € Y and ¢ € I. Then
k(fik(y)) = k(H(y,1)) = H'(k(y).1) yeY

Therefore H' is a homotopy from the identity map of (Y,B)/Y to k ¢ f, and f
is a homotopy inverse of k. =

6  cororLLarRY Let f: (X', A") — (X,A) be a map and let i: (X,A) C (C,Cy).
Then CX C Cy, (C,Cy)/CX = (Cp,Cp)/ X, and the collapsing map

k: (Ci,Civ) — (Cy,Ci)/CX
is a homotopy equivalence.

prOOF Cj is the quotient space of CX'v CX with the identifications [x',1] =
[f(x'),1] for all x" € X', hence CX C C;. Since Cy is the union of the closed
subspaces CX and Cy, it follows that

Ci/CX = Cp/(Cr N CX) = Cp/X
Similarly, C;»/CA = Cy/A, and because C;» N CX = CA,
(Cy,Cyr)/CX = (Cp,Cp)/X

This proves the first two parts of the corollary.
Let F: C(X,A) X I - C(X,A) be the contraction defined by F([x,t], ¢') =
[x, (1 — t")t] and let g: C(X",A") — (C;,C;~) be the composite

C(X',A") C C(X"A") v C(X,A) — (Ci,Cy)
where the second map is the canonical map. The composite

(XA x I X5 (X,A) x I C C(X,A) X I 5 C(X,A) C (Cy,Ci)
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is a homotopy G: (X",A") X I — (Cy,Cy) such that G(x',0) = [ f(x'),1] = g[«',1].
By lemma 2, there is a homotopy F: C(X',A") X I — (CiCy) such that
F'|(X,A") x I = G and F/([x',t], 0) = g([«’.t]). Then a homotopy
H: (Ci,,Ci) X 1 — (Cy,Cir)
is defined by the equations
H(x't], t) = F([x,t], t) «eX;tt el
H([x,t], t') = F({x], ') xeXst, v €1

[this is well-defined because F'([x',1], ¢') = G(x',¥') = F([ f(x'),1], ')]. Then H
satisfies a, b, and ¢ of lemma 5 with (Y,B) = (C;,Cy/) and Y’ = CX. Therefore
k: (Cy,Ci) — (Cy,Cyv)/CX is a homotopy equivalence. =

Recall from Sec. 1.6 that the suspension SX is defined as the space
XX I/(XX0Uzx XIUX X 1) (therefore SX = CX/X). For a pair (X,A)
we define S(X,A) = (SX,SA). Then, for any map f: (X’,A") — (X,A), we have
(C#,Cp)/X = S(X',A"), and we let k: (C,Cpr) — S(X',A’) be the collapsing map.
7 1EMMmA For any map f: (X',A") — (X,A) the sequence

(XA L (XA) 5 (Cr,Cr) 55 8(X1,A7) 5 (X ,A)
is coexact.
proOF  We shall use the coexact sequence 4,
(XA) L (XA) 5 (Cr.Cp) & (CiCir) > (G Cy)
By corollary 6, there is a homotopy equivalence
(Ci,Cir) 55 (Cp,Cr) /X = S(X,A")
and the composite (Cy,Cy) L5 (Cyr,Ci) B> S(X’,A’) is seen to be the collapsing
map k: (Cy,Cpr) — S(X’,A’). Also by corollary 6, there is a homotopy equivalence
(Cr.Cr) £ (G1Cy)/CCp = (CuCr)/Cp = SX,A)
and the composite (Ci,Civ) 5 (Cj,Cj) &5 S(X,A) is easily seen to be the
collapsing map k: (Ci,Ci) — (Cy,Ci)/Cp = S(X,A). Let g S(X',A") — S(X,A)
be the map defined by g([x",t]) = [ f(x'), 1 — ¢]. The triangle
(Cr,Ci)
k/ \JF
S(X',A') & S(X,A)
is homotopy commutative because a homotopy
H: (Ci,Cy) X I — S(X,A)
from k to g ° k' is defined by

H([x' ], ¢') = [f(x), 1 — #] ¥ eX;t,tel
H([x,t], ) = [x, (1 — ¢)¢] xeX;t,t el
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[this is well-defined because H([x',1], t) = [flx'), 1 — ¢'] = H([ fix'),1], ¥')].
Therefore there is a homotopy-commutative diagram

(Cr,Cr) 4> (Ci,Ci) B (C,Cir)
ANE] #|
S(X",A") £ S(X,A)

in which k" and k" are homotopy equivalences. From the coexactness of the
sequence 4, the coexactness of the sequence

(X",A") L (X,A) 5 (Cr,Cp) £ S(X7,A7) £ §(X,A)

follows. Let h: S(X,A) — S(X,A) be the homeomorphism defined by h([x,t]) =
[x, 1 — ¢]. The coexactness of the above sequence implies the coexactness of
the sequence

(XA L (X,A) 5 (Cr,Cp) 5 S(X,AT) 2285 §(X,A)
Because h ° g = Sf, this is the desired result. =
8 1Emma If the sequence
(XA L (X,A) % (X7,A")
is coexact, so is the suspended sequence
S(x,A") L S(X.A) > S(X",A”)

PROOF For any pair (Y,B) let (Y,B) = (Y,QB). By theorem 2.8 in the
Introduction, there is a commutative diagram (in which the vertical maps are
equivalences of pointed sets)

[S(X",A"); Y,B] {5815 [§(X,A); Y,B] % [§(X",A%); Y,B]
I " J
[X",A"; Q(Y,B)] £ [X,A; QY,B)] £ [X,A’; Q(Y,B)]
Hence im (Sg)# = ker (§f )# in the top sequence is equivalent to im g# = ker f#
in the bottom sequence. =
We define S*(X,A) inductively for n > 0 so that

SUX,A) = (X,A)
S(X,A) = S(S*Y(X,A)  n>1

9 THEOREM For any map f: (X',A’") — (X,A) the sequence

(X,A) L (X A) 5 - L sy X A) B8 Sn(Cp,Cpr) By Srtix AT ST, L
is coexact.

PROOF From lemmas 7 and 8, for n > 0 there is a coexact sequence

Sv(X',A") BL Sn(X,A) 2L Sv(Cp,Cpr) S5 Srt(X,AY) S, Snt1(X A)
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Since every three-term subsequence of the sequence in the theorem is con-
tained in one of these five-term coexact sequences, the result follows. =

In the coexact sequence of theorem 9 all but the first three pairs are
H cogroup pairs, and all but the first three of these are abelian. Furthermore,
all maps between H cogroup pairs are homomorphisms. Thus, for any (Y,B)
the coexact sequence of homotopy classes of maps of the sequence of
theorem 9 into the fixed pair (Y,B) (with B not necessarily closed in Y) con-
sist of groups and homomorphisms except for the last three pointed sets, and
all but three of the groups are abelian.

We now show how the last group in the sequence, namely [S(X',A"); Y,B],
acts as a group of operators on the left on the next set in the sequence,
namely [Cp,Cp; Y,B], in such a way that the orbits are mapped injectively by
i# into [X,A; Y,B]. If a: S(X",A") — (Y,B) and B: (Cp,Cs) — (Y,B), we define

a T B: (Cp,Cp) — (Y,B)

b afx’,2¢] 0<t< BxeX,tel
by TR =g ) were e X e
and (a T B)x) = B(x) xreX

It is then clear that (¢ T B) | (X,A) = B|(X,A), and the following statements
are easily verified.

10 a ~a and B~ (or B~ pB rel X) implies a T B~ TS (or
aT B~a TR relX). =

11 If ao is the constant map, then g T B~ frel X. =
12 ((Xl*ag)T ,82:0(1T(C(2TB>1’61X. L]
13 a; T (g k) ~ (g % ag)°krel X. =

Given maps 81,82 (Cr,Cpr) — (Y,B) such that 81 | (X,A) = B2 | (X,A), we
define d(B1,B2): S(X",A’) — (Y,B) by

o (Bux2e] 0<t<WxeX, tcl
By, B2)lxt] = {Bg[x', 292 %<t<lLreX,tcl

The following results are easily verified.

14 B, ~ Birel X and B2 ~ B5rel X imply d(B1,82) ~ d(B1.B%). ™
13 d(,Bl,ﬁ;J,) =~ d(ﬁl,ﬁ2) * d(1827183>' .
16 da T BB ~a. =

17 B1~d(B.B2) T Barel X. =

From statements 17, 10, and 11, it follows that if d(8;,82) is null homo-
topic, then By =~ Bz rel X. Conversely, if By ~ Bsrel X, it follows from
statements 11, 14, and 16 that

d(B1,B2) ~ d(ao T B1,81) ~ ao
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Therefore we have 81 ~ B2 rel X if and only if d(8;,82) is null homotopic.
By statements 10, 11, and 12, there is an action of [S(X",A"); Y,B] on the
left on [Cp,Cp; Y,B] defined by [a] T [8] = [ T B].

18 tHEOREM Given [B1], [B2] € [Cr,Cp; Y,B], then i#[1] = i#[B2] if and
only if there is [a] € [S(X',A"); Y,B] such that [B1] = [a] T [B2]).

PROOF By the definition of & T B3 we see that

#la T B2] = [(« T B2) | (XA)] = [B2 | (X,A)] = i#{Be]

showing that i#([a] T [B2]) = i#[B2]. Conversely, if i#[B:] = i#[B:2], we can
choose representatives B; and B2 such that 81| (X,A) = Bz | (X,A) [because
the map i: (X,A) C (Cy,Cy) is a cofibration]. Then, by statement 17,

[B1] = [d(B1,B2) T Be] = [d(B1.B2)] T [B2] =

19 tHEOREM Given [aq], [a2] € [S(X',A"); Y,B), then k#{ay] = k#{az] if and
only if there is [y] € [S(X,A); Y,B] such that [as] = [a1] + (Sf)#[v].

PROOF By statement 13, if By: (Cr,Cr) — (Y,B) is the constant map

k#{ay # (v © Sf)] = [aa] T (k#Sf#{y]) = [aa] T [Bo]
= [a1] T k#ag] = k#ay * ao)

Therefore k#([a1] + (Sf)#[y]) = k#[o1]. Conversely, if k#a1] = k#[as], then
by statements 10 and 13,

0 = k#[ar ! # ay] = [01 Y] T k#{a] = [er™1] T k#[az] = k#a;~1 * as)
Therefore there is [y] € [S(X,A); Y,B] such that [a;71 * a3] = (Sf)#[y], and so
[az] = [a1] + 171 * ap] = [o1] + (S)#[y] =

2 HIGHER HOMOTOPY GROUPS

The higher homotopy groups of a space or pair are covariant functors defined
to be sets of homotopy classes of maps of fixed spaces or pairs into the
given one. In the absolute case these are the functors already defined in
Sec. 1.6. The exactness property established in the last section implies an
important exactness property relating relative and absolute homotopy groups.
This section contains definitions of the homotopy groups, some of their
elementary properties, and a proof of the exactness of the homotopy sequence
of a fibration.

We shall use 0 as base point for I and for the subspace I C I. Let X be a
space with base point xo. For n > 1 the homotopy group 7,(X) [or 7,(X,xo),
when it is important to indicate the base point] is the group [S*(I );X] [this being
equivalent to the definition given in Sec. 1.6, because S* is homeomorphic to
$*(S%) = S*(I)]. For n = 0 the homotopy set mo(X) is defined to be the
pointed set [I;X] (that is, the set of path components of X with the path com-
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ponent of xy as distinguished element). Then 7, is a covariant functor from
the category of pointed spaces to the category of abelian groups if n > 2, the
category of groups if n = 1, and the category of pointed sets if n = 0.

Let (X,A) be a pair with base point xo € A. For n > 1 the nth relative
homotopy group (or homotopy set for n = 1), denoted by m,(X,A) or
7a(X,A,x0), is defined to equal [S»~Y(I,I); X,A]. Then m, is a covariant functor
from the category of pairs of pointed spaces to the category of abelian groups
if n > 3, the category of groups if n = 2, and the category of pointed sets if
n=1

There is a homeomorphism of S(I) with I/ which sends [0,t] € S(I) to
the base point of I/1 and [1,¢] € S(I) to that point of I/I determined by the
point ¢ € I. Therefore, for n > 1, $*(I) and S»~1(I/I) = SrY(I )/S"‘l(') are
homeomorphic. This induces a natural one-to-one correspondence between
[SULI); X,{x0}] and [S¥(I);X]. By means of this correspondence we iden-
tify the relatlve homotopy group 7,(X,{x0}) for n > 1 with the absolute
homotopy group 7,(X). Then the inclusion map j: (X,{xo}) C (X,A) induces a
homomorphism

fu: Ta(X) = (X A) n>1

Because S7(I) is path connected for n > 1, it follows that if X’ is the path
component of X containing xo, the inclusion map X’ C X induces isomorphisms
Tn(X") = mn(X) for n > 1. Similarly, if A’ is the path component of A contain-
ing xo, the inclusion map (X',A") C (X,A) induces isomorphisms 7,(X",A") =
7a(X,A) for n > 1.

We present an alternative description of the relative homotopy groups.
Forn > 1 thereis a homeomorphlsm of Sn=1(LI) with (I X I*=1, ] x Ir=1)/
(I X =1y 0 x I~ 1) sendmg [ . [t tl] Ce ,tnfl] to [t,tl, e 7t'ﬂ—1]
(I0 is a single point and I0 is empty). Therefore, for n > 1, 7m,(X,A,x0) is in
one-to-one correspondence with the set of homotopy classes of maps

(In, In, I X =1 U 0 X In™1) — (X,A,x0)

Since I X I"~1 U 0 X I»"1is contractible, if zo = (0,0, . . . ,0), the inclusion
map

(In,Irz0) C (In, In, 1 X I"1 U 0 X I 1)

is a homotopy equivalence. Hence, for n > 1, m,(X,A,x0) is in one-to-one
correspondence with the set of homotopy classes of maps

(I, Ir z0) — (X,A,xo)

Since (I*,In,20) is homeomorphic to (E*,S" 1,pg) for n > 1, m,(X,A,x) is in
one-to-one correspondence with the set of homotopy classes of maps

(E",S"‘l,po) —> <X,A,x0)

The following condition for a map (E*,5"1,p¢) — (X,A,x0) to represent
the trivial element of 7,(X,A,xo) is a relative version of theorem 1.6.7.

1 tHEOREM Given a map a: (E"S""1pg) — (X,Axo), then [a] =0 in
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(X, Ax0) if and only if « is homotopic relative to S*~1 to some map of E* to A.
PROOF Assume [a] = 0 in 7,(X,A,xp). Then there is a homotopy

H: (Er,S"1,pg) X 1 — (X,A,x0)

from a to the constant map E* — x5. A homotopy H’ relative to S~ from «
to some map E” to A is defined by

H(—2% , t) 0< <1 — t
(1——t/2 < el < 2
H'(zt) =

z t
H( 2 - 2hl) 14 <Ial <1

Conversely, if « is homotopic relative to §*~1 to some map o such that
a'(Er) C A, then [a] = [¢] in 7,(X,A,x0), and it suffices to show that [a'] = 0
in m(X,Ax0). A homotopy H: (E"S"1po) X I — (X,Ax0) from o« to the
constant map E® — xg is defined by

Hzt) = o'((1 — )z + tpy) ™

A pair (X,A) is said to be n-connected for n > 01if for 0 < k < n every
map «: (E¥,S¥~1) — (X,A) is homotopic relative to S¥~1 to some map of
EF to A. For k = 0, (E5S71) is a pair consisting of a single point and the
empty set, and the condition that every map a: (E°,S71) — (X,A) be homo-
topic to a map E° — A is equivalent to the condition that every point of X
be joined by a path to some point of A. From theorem 1 we obtain the fol-
lowing relation between n-connectedness of (X,A) and the vanishing of rela-
tive homotopy groups of (X,A).

2  COROLLARY A pair (X,A) is n-connected for n > 0 if and only if every
path component of X intersects A and for every point a € A and every
1 < k <n, 'nk(X,A,a) =0 =

For n > 1 there is a map (which is a homomorphism for n > 2)
0: ma(X,A,%0) — Tn_1(A,x0)
defined by restriction. That is, given a: S*"}(LI) — (X,A), then
ofa] = [a| S UI)]

It is trivial that if f: (X',A’,x0) — (X,Ax0) is & map, there is a commutative
square

Tl XA 20) 2> Ta1(AXD)
fe, LA
7Tn<X:A1x0> i> Wn(A,x0>

In other words, 9 is a natural transformation between covariant functors
7a(X,A) and 7,_1(A) on the category of pairs (X,A) of pointed spaces. Thus
the homotopy-group functors and the natural transformation ¢ are in analogy
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with the constituents of a homology theory. We shall show that they also
satisfy many of the axioms of homology theory. It is obvious that the homo-
topy axiom and the dimension axiom are satisfied for the homotopy-group
functors.

We shall now investigate the exactness property. Given a pair (X,A) of
pointed spaces leti: A C X and §: (X,{x0}) C (X,A). The homotopy sequence
of (X,A) [or of (X,A,x0)] is the sequence of pointed sets (all but the last three
being groups)

o T (GA) D ma(A) B m(X) 5 mp(XA) D - s rg(X)
3 THEOREM The homotopy sequence of a pair is exact.
prooF Let f: (1,{0}) C (I,I) and let f: I C I and f”: {0} C I. By theorem
7.1.9, there is a coexact sequence
(1.(0)) &> (L1) 5 (Cp.Cp) £ 8(1.40}) > S(LD) — - -

Let g: (Cy,Cp) — (I, I) be the homeomorphism defined by g([O,t]) = 0 and
g([1,t]) = t. Then the composite g ° i is the inclusion map i": (I,I) C (I,I), and
the composite k » g1 equals the composite

(LD % (1/1,{0}) & (S(D,{0})
where k' is the collapsing map and h is the homeomorphism used in identify-
ing 7,(X,{x0}) with 7,(X). Therefore there is a coexact sequence

(L{0}) L (L) 5 (LI) 225 S(I,{0}) % ...
This yields an exact sequence
s Tapa(KA) 05 o A) D% o) SRR o X A) s L mg(X)
The proof is completed by the trivial verification that
(Sn)# = 2, (S'f)% = igand (U (he K)# = j, =

4 coroLLARY Forn > 0, (E"*1,57) is n-connected.

PrROOF For n > 0, E**1 is path connected and S* is nonempty; therefore
every path component of E**1 meets S*. If x € S, then 7 (E**1x) = O for
0 <k, because E”*! is contractible. By theorem 3.4.11, #7x(Srx) = 0 if
0 < k < n. It follows from theorem 3 that i (Er™1,S7x) = O for 1 < k < n.
The result follows from corollary 2. =

We shall see that the excision property fails to hold for the homotopy
group functors. There is, however, a different property possessed by the
homotopy group functors but not by homology functors. This property is the
existence of an isomorphism between the absolute homotopy groups of the
base space of a fibration and the corresponding relative homotopy groups of
the total space modulo the fiber. This is true for a more general class of maps
than fibrations, and we now present the relevant definition.

A map p: E — B is called a weak fibration (or Serre fiber space in the
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literature) if p has the homotopy lifting property with respect to the collection
of cubes {I"},¢. E is called the total space and B the base space of the weak
fibration. For b € B, p~1(b) is called the fiber over b.

If s is a simplex, |s| is homeomorphic to some cube, and so a map
p: E — B is a weak fibration if and only if it has the homotopy lifting prop-
erty with respect to the space of any simplex. We shall show that, in fact, a
weak fibration has the homotopy lifting property with respect to any
polyhedron.

It is clear that a fibration is a weak fibration. If p: E — B is a weak
fibration and f: B’ — B is a map, let E’ be the fibered product of B’ and E.
Then there is a weak fibration p”: E’ — B’, called the weak fibration induced

from p by f.

5 vremma Letp: E— Bbeaweak fibrationandletg: I X 0 U In X I - E
and H: I X I — B be maps, with n > 0, such that H is an extension of
p ° g Then there is a map G: I" X I — E such thatp > G = H and G is an
extension of g.

PpROOF The lemma asserts that the dotted arrow in the diagram
nx0UlnxI£s E
ml 7 P
Inx 1 4, B

represents a map making the diagram commutative. This follows from the
homotopy lifting property of p since the pair (I" X I, In X 0 U In X I) is
homeomorphic to the pair (I* X I, I* X 0). =

6 tHEOREM Let (X,A) be a polyhedral pair and let p: E — B be a weak

fibration. Given maps g: X X 0 U A X I — E and H: X X I — B such that
H is an extension of p ° g, there is a map G: X X I — E such thatp ° G = H
and G is an extension of g.

PprOOF The method of obtaining G involves a standard stepwise-extension
procedure over the successive skeleta of a triangulation of X. Let (K,L) be a
triangulation of (X,A) and identify (X,A) with (|K|,|L|). For ¢ > —1 set
Xg=|K|X0U(|KtUL| xX1I)sothatX_y =XXO0UA XIandX, 1CX,
for g > 0. By induction on g, we shall define a sequence of maps G,: X, — E
such that

(@ Ga=g
(b) GqIXq—l = Gq_l fOI’q Z 0
() pe Go=H|Xgforg> —1

Once a sequence { G, } with these properties is obtained, amap G: X X [ — E
with the desired properties is defined by the conditions G| X, = G, for
q > —1. Thus the problem is reduced to the construction of such a
sequence {Gg}.
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Condition (a) defines G_1. Assume G, defined for g < n, where n > 0.
To define G, to satisfy conditions (b) and (c), for every n-simplex s € K — L
let gs: |s| X 0 U |s| X I - E and Hy: |s| X I — B be the maps defined by
gs = Guro1|(Js| X0 U |§| X I) and Hg = H| (|s| X I). Because (Js,[s]) is
homeomorphic to (InI7), it follows from lemma 5 that there is a map
Gg:|s| X I - E such that Gyl (Js| x 0 U || X I) =g and p° Gy = H,.
Then a map Gn: X, — E satisfying conditions (b) and (c) is defined by the
conditions G, | X;_1 = Gu_1 and G, | (|s|] X I) = G, for s an n-simplex of
K—-L =

Taking A to be empty in theorem 6, we see that a weak fibration has the
homotopy lifting property with respect to any polyhedron.

7 coroLLARY Let (X',A’) be a polyhedral pair such that A’ is a strong
deformation retract of X' and let p: E — B be a weak fibration. Given maps
gt A" > E and H: X — B such that H |A" =p - g, there is a map
G:X - Esuchthatp > G = H and G |A' = ¢.
PROOF Let D: X’ X I — X' be a strong deformation retraction of X’ to A’.
Then DX’ X 1 U A’ X I) C A’, and we define g: X’ X 1 UA" X I— Eto
be the composite

XX1UA XTI 2 A £ F
Let H: X’ X I — B be the composite

X x12sx 2B

Then H is an extension of p ° g, and it follows from theorem 6 that there is a

map G: X’ X I — E such that p° G = H and G is an extension of g. Let
G': X’ — Ebe defined by G'(x') = G(x,0). Then G’ has the desired properties. ®

The following theorem is the main result relating the homotopy groups
of the base and total space of a weak fibration.

8 rTtHEOREM Let p: E — B be a weak fibration and suppose by € B’ C B.
Let E' = p~Y(B’) and let eq € p~(bo). Then p induces a bijection

put Tn(E,E o) = 74(B,B’,bo) n>1

prROOF To show that py is surjective, let a: (In,Ir,z0) — (B,B’,bg) represent
an element of m,(B,B’,bo). Because 2 is a strong deformation retract of I, we
can apply corollary 7 to the pair (I",{zo}) and to maps g: {z0} — E and
H':I" — B, where g'(z0) = €¢p and H = a|I*. We then obtain a map
G’: I" — E such that p ° G’ = H' and G'(z0) = eo. Then
G(I")y C p(H'(I")) Cp~(B) = E
Therefore G’ defines a map «’: (In,Inz0) — (E,E',e0) such that p ° o' = a.
Then o represents an element [a'] € 7n(E,E',e0) and pyla’] = [a].
To show that py is injective, let ao,a1: (I”,I”,zo) —> (E,E’,eq) be such that
peag~p°car. Let X' =I" X Tand A" = (I" X 0) U (20 X I) U (I* X 1).
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Then (X’,A’) is a polyhedral pair, and because X’ and A” are both contractible,
A’ is a strong deformation retract of X’. Let g: A’ — E be defined by
g'(z,0) = ao(2), g'(z,1) = a1(z), and g'(z0,t) = e and let H: X’ — B be a map
which is a homotopy from p ° ag to p ° a; in (B,B’,by). By corollary 7, there
isamap G: X' —» Esuchthatp° G’ = H and G’ | A’ = ¢ Since

G(r x I) Cp Y H(I" x I)) C p~YB) =F
G’ is a homotopy from g to a; in (E,E’e); hence [ag] = [a1] in mu(E,E ,e0). ®

9 cororLaRY Let p: E — B be a weak fibration, by € B, and ey € F =
p~(bo). Then p induces a bijection

Py To(E,F,e0) = 74(B,by) n>1

PrOOF This follows from theorem 8 on taking B’ = {bo} and using the
canonical identification m,(B,{bo},bo) = m,(B,by). ™

If p: E — B is a weak fibration with F = p~1(b¢) and e, € F, we define
d: n(B,bo) — 7,_1(F,eq) n>1
to be the composite
Ta(B,bo) 22> m(E,F,e0) 2> mn_1(F,e0)

The homotopy sequence of the weak fibration is the sequence

- — a(F.e0) & mo(E,eq) 25> ma(B,bo) B> ma_1(Fre0) — -+ - L5 mo(B,by)
where i: (F,eq) C (E,eq).
10 tHEOREM The homotopy sequence of a weak fibration is exact.

PROOF  Exactness at mo(E,eo) is an easy consequence of the homotopy lifting
property. Exactness at any set to the left of m(E,eo) is a consequence of the
exactness of the homotopy sequence of the pair (E,F). =

11 coroLLaRY Let p: E — B be a weak fibration with unique path lifting.
Then p induces an isomorphism

Py To(E.e0) = my(B,ples) g > 2

PROOF Because F = p~1(p(eo)) has no nonconstant paths (by theorem 2.2.5),
7¢(F,e0) = 0 for ¢ > 1. The result then follows from theorem 10. =

12 coroLLARY For g > 2, m,(S1) = 0.

PrOOF  This follows from application of corollary 11 to the covering projec-
tion p: R — §! and the fact that because R is contractible, 7,(R) = 0 for all
q>0. =

13 cororLLary Let p: §2n+1 — P,(C) be the Hopf fibration. Then p induces
an isomorphism

Py (S = my(Pa(C)) g >3
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PROOF Because F = S! for the Hopf fibration, this follows from corollary 12
and theorem 10. =

14 coroLrLary 73(5%) 5% 0.

PROOF Because the identity map (S3,p0) C (S3,po) induces a nontrivial
homomorphism of Hs(S3,po), it is not homotopic to the constant map. There-
fore 73(S3) 7= 0, and the result follows from corollary 13, with n = 1 (since
Pi(C) = §?). =

This last result shows that, unlike the homology groups, the homotopy
groups of a polyhedron need not vanish in degrees larger than the dimension
of the polyhedron.

If H is a closed hemisphere of S2 and a is the pole in H, then the pair
(§2 — a, H — a) has the same homotopy type as (E2,51). Therefore

73(S? — a, H — a) = m3(E%,SY) = mp(S1) = 0
On the other hand, (52,H) has the same homotopy type as (S2,{a}). Therefore
7T3(SZ,H> = 7r3(52,{a}) = '773(52) 75 0

Hence we see that the excision map j: (S2 — a, H — a) C (52,H) does not
induce an isomorphism of 73(S2 — a, H — a) with 73(S2,H). Therefore the
excision property does not hold for homotopy groups.

Recall the path fibration p: P(X,x0) — X with fiber p~l(xo) = QX (see
corollary 2.8.8). Since P(X,xo) is contractible (by lemma 2.4.3), 7,(P(X,xo)) = 0
for n > 0, and by theorem 10, there is an isomorphism

0: ma(X) = 70 1(2X) n>1

This result can also be deduced directly from the canonical one-to-one corre-
spondence [S*(I);X] =~ [S»~1(I );2X] given by the exponential law. We shall
use the path space to prove the exactness of the homotopy sequence of a triple.

Given a triple (X,A,B) with base point xq € B, let i: (A,B) C (X,B) and
j: (X,B) C (X,A) and let {: (A,{x0}) C (A,B). Define

0% (X, A,x0) — mn_1(A,B,x0) n>2
to equal the composite
(XA, x0) > 7n_1(A,x0) ELN Tn-1{A,B,x0)
The homotopy sequence of the triple (X,A,B) is defined to be the sequence
- Tu1(XA) D m(AB) 5 my(X,B) L5 mp(X,A) — -+ - — mi(X,A)
15 THEOREM The homotopy sequence of a triple is exact.

PrROOF Let p: P(X,xo) — X be the path fibration and let X' = P(X,xo),
A’ = p~Y(A), and B’ = p~1(B). Then (X',A",B’) is a triple, and it follows from
theorem 8 that p, maps the homotopy sequence of (X’,A’,B’) bijectively to the
homotopy sequence of (X,A,B). Therefore it suffices to prove that the homo-
topy sequence of the triple (X’,A’,B’) is exact.
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Let i: (A’,B") C (X’,B'),: (X',B") C (X",A’),i: B C A’,andj: A" C (A",B).
There is a commutative diagram

Do T (XA D @ (ALB) B ma(XB) L (XA — .-

o = gl 12
C s m(A) L a(ALB) D my(B) B mg(A) > -

in which each vertical map is a bijection (because X' is contractible). Therefore
the exactness of the homotopy sequence of the triple (X",A’,B’) follows from
the exactness of the homotopy sequence of the pair (A",B’). =

This result can also be derived from the exactness of the homotopy se-
quence of a pair and functorial properties of the homotopy groups (as was the
case with the corresponding exactness property for homology, theorem 4.8.5).

3 CHANGE OF BASE POINTS

The absolute and relative homotopy groups are defined for pointed spaces and
pairs. This section is devoted to a study of the extent to which these groups
depend on the choice of base point. By generalizing the methods of Sec. 1.8,
we shall see that these groups based at different base points in the same path
component are isomorphic, but the isomorphism between them is not usually
unique. Much of these considerations apply to more general homotopy sets,
and we begin with this.

Let (X,A) be a pair with base point xo € A and let (Y,B) be a pair. Two
maps ag, a1: (X,A) — (Y,B) are said to be freely homotopic if they are homo-
topic as maps of (X,A) to (Y,B) (that is, no restriction is placed on the base
point during the homotopy). If w is a path in B from ag(xo) to ai(xo), an
w-homotopy from ag to ay is a homotopy

H: (X,A) X I — (Y,B)

such that H(x,0) = ap(x), H(x,1) = a1(x), and H(xo,t) = w(f). If such a homo-
topy exists, we say that ag is w-homotopic to 1. It is clear that ap and «; are
freely homotopic if and only if there is some path w in B such that ag and a4
are w-homotopic. In particular, two maps ap, a1: (X,A,x0) — (Y,B,yo) are
freely homotopic if and only if there is some closed path w in B at yo such
that «p is w-homotopic to a;.

Although the relation of free homotopy is an equivalence relation in the
set of maps from (X,A) to (Y,B), for a fixed w the relation of w-homotopy is
not generally an equivalence relation. For example, if w is not a closed path,
it is impossible for any map ao to be w-homotopic to itself.

1 pLEmMMA (a) Given a map f: (X',A'x0) — (X,Ax0), maps ag, ay: (X,A) —

(Y,B), and a path w in B such that ag is w-homotopic to ay, then ag ° f is w-
homotopic to ay ° f.
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(b) Given a map g: (Y,B) — (Y',B’), maps a, ay: (X,A) — (Y,B), and a
path w in B such that og is w-homotopic to ay, then g ° ag is (g ° w)-homo-
topic to g ° aj.

(c) Given maps g, ap: (SX,SA,x0) — (Y,B,0(0)) and a1, ai: (SX,SA,x0) —
(Y,B,w(1)) such that ay is w-homotopic to ay and af is w-homotopic to o,
then ag * g is w-homotopic to oy * aj.

proor If H: (X,A) x I — (Y,B) is an w-homotopy from aq to «;y, then for (a)
the composite

(XA x I 22X (xA) x 1 8 (1,B)
is an w-homotopy from g © f to a; ° f, and for (b) the composite
(X.A) x I % (Y,B) & (Y,B)

is a (g ° w)-homotopy from g ° ap to g ° a;.
In (c), if H, H': (SX,SA) X I — (Y,B) are w-homotopies from «y and o
to a; and «f, respectively, the map

H = H" (SX,SA) X [ — (Y,B)
defined by

H([x2t], ) 0<t<h

(H* H)([xt, 1) = {H’([x, 2t —1,¢) n<t<l1

is an w-homotopy from ap * ap to a; * a}. =

The base point x for a pair (X,A) is said to be a nondegenerate base point
if the inclusion map (xo,%9) C (X,A) is a cofibration [that is, if, given a map
ao: (X,A) — (Y,B) and a homotopy w: xo X I — B, there is a homotopy
H: (X,A) x I — (Y,B) such that H(x,0) = ag(x) and H(xo,t) = «(#)]. It follows
from lemma 3.8.1 and corollary 3.2.4 that any point of a polyhedral pair is a
nondegenerate base point.

2 1EmMmA Let (X,A) be a pair with nondegenerate base point and let (Y,B)
be an arbitrary pair.

(a) Given a path w in B and a map ay: (X,Ax0) — (Y,B,w(1)), there is a
map ap: (X,A,x0) — (Y,B,w(0)) such that oy is w-homotopic to «y.

(b) If ap, ap: (X,Ax0) — (Y,B,w(0)) are both w-homotopic to ai, then
[ao] = [a0] in [X,A,x0; Y,B,w(0)].

(€) If ap is w-homotopic to oy and oy ~ ap as maps from (X,Axo) to
(Y,B,w(0)), a1 = o as maps from (X,A,xo) to (Y,B,w(1)), and w ~ & as paths
in B, then «g is w’-homotopic to aj.

PROOF (a) Given a; and w, it follows from the nondegeneracy of x( that
there is a map H: (X,A) X I - (Y,B) such that H'(x,0) = a1(x) and
H'(x0,t) = w(1 — ?). Define ap: (X,A,x0) — (Y,B,w(0)) by ap(x) = H'(x,1). Then
H: (X,A) X I - (Y,B) defined by H(x,t) = H'(x, 1 — ¢) is an w-homotopy
from ag to a;.

(b) Because x is a nondegenerate base point, there is a retraction
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(XA X I — (xg X TU X xX1,x XIUA x1)(by theorem 2.8.1), and
weletr: (X,A) — (xo X T U X X 1, % X I UA X 1) be defined by r(x) = r(x.1).
Let G: (2o x TUX X 1,2 X I UA X1)XI— (X,A) X I be the homotopy
relative to (x0,0) defined by G(x,t,t") = (x,tt") and define

Gri(xg X TUX X 1,20 X I UAXI1 - (XA XI
by Gy(x,t) = G(x,t,t'). Then Gg o 19 ~ Gy o 1o rel xo, and because Go(xo X I) =
(x0,0), Go ° 79 =~ Gp ° 71 rel xo. Let H: (X,A) X I — (Y,B) be an w-homotopy
from ag to ay. Then He Gy ° 179 =~ H ° Gy ° 11 rel xo. Clearly, H°> Go ° 11 = ao,
and so ag =~ H° Gy ° 19 rel xo. Similarly, if H: (X,A) X I — (Y,B) is an
w-homotopy from a5 to ay, then ay ~ H' ° Gy ° 1o rel xo. Because

Hl(xo X IUXX1)=H|(xoxUXX 1)

Ho° Gyorg = H ° Gy ° 19, and 50 ag ~ ag rel x.
(c) First we observe that the inclusion map

(XxITUxgXLAXIUZx XI)C(XA) XI

is a cofibration. In fact,let h: (I X LI x 0 U I XI1)=({I X 1,0 xI)bea
homeomorphism. Then there is a homeomorphism

Ixh (X XIXLAXIXI)=mXXIXLAXIXI)
which maps
XXIXOUXXIXxIUxXIXI to XXO0xXxIUzxyxIXI
and
AXIXOUAXIXTUxXIXI to AXOXIUzx XIXIL

Thus we need only show that (X X 0 U xg X LA XO0Ux XI)X1Iis a
retract of (X X I, A X I') X I, which follows from the fact that (X X 0 U x9 X I,
AXOUzx XI)isaretractof (X X I, A X I).

Now let F, F” (XinxoXI,AXI'UonI)—>(Y,B)bedeﬁnedby

F(x,0) = ao(x) F(x,1) = as(x) F(xo,t) = w(t)
F(x,0) = ap(x) F(x1) = ai(x) F'(xo,t) = o'(t)

Because ag ~ ap, a1 ~ «f, and w ~ «’, it follows that I ~ F’. Because «y is
w-homotopic to a;, F can be extended to a map H: (X,A) X I — (Y,B). By
the cofibration property established above, F' can be extended to a map
H": (X,A) X I — (Y,B). Then H’ is an w’-homotopy from aj to aj. =

It follows from lemmas 2a and 2b that, given w and aj: (X,A,x5) —>
(Y,B,w(1)), the set of all maps ag: (X,A,x0) — (Y,B,w(0)) which are w-homotopic
to a; belong to a single homotopy class of maps (X,A,x) — (Y,B,w(0)).
It follows from lemma 2c¢ that this set of maps equals a homotopy class of
maps (X,A,x9) — (Y,B,w(0)) which depends only on the homotopy class
[aq] € [X,A,x0; Y,B,w(1)] and the path class [w]. Therefore, if (X,A) has a non-
degenerate base point, there is a map
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h[u]: [X,A,X(); Y,B,w(l)] —> [X,A,XO; Y,B,CO(O”

characterized by the property h,j[a;] = [ao] if and only if ag is w-homotopic
to ay. It follows from lemmas 1a and 1b that this map is functorial in (X,A)
and in (Y,B) and from lemma 1lc that if (X,A) is a suspension, the map is a
homomorphism.

3 THEOREM Let (X,A) be a pair with nondegenerate base point x,. For any
pair (Y,B) there is a covariant functor from the fundamental groupoid of B to
the category of pointed sets which assigns to a point yo € B the set
[X,A,x0; Y,B,yo] and to a path class [w] in B the map hy,;. If (X,A) is a suspen-
sion, this functor takes values in the category of groups and homomorphisms.

PROOF  We need only verify the two functorial properties. If a: (X,A,xo) —
(Y,B,yo) is arbitrary and ¢ is the constant path at yo, the constant homotopy
is an e-homotopy from « to « proving that hyy = 1.

Given paths w and «’ in B such that w(1) = w(0), an w-homotopy H
from ap to ay, and an w’-homotopy H’ from a; to ap [where ao, ay, ao are
maps of (X,A) to (Y,B)], an (w * «’)-homotopy H # H’ from ay to az is defined by

H(x,2) 0<t<%

(H * H)(x.t) = {H’(x, 2% —1) W<t<l1

This shows that Ay, = hp, © Ay ®

4  coroLLARY If B C Y is path connected and (X,A) has a nondegenerate
base point xo, then for any yo, y, € B the pointed sets [X,A,xo; Y,B,yo] and
[X,A,x0; Y,B,y1] are in one-to-one correspondence. Furthermore, 71(B,yo) acts
as a group of operators on the left on [X,Ax0; Y,B,yo], and the one-to-one
correspondence above is determined up to this action of m1(B,yo).

PROOF If [w] is any path class in B, hq,; is a one-to-one correspondence.
If [w] € 74(B,yo), then hy, is a permutation of [X,A,xo; Y,B,yo], and in this
way m1(B,yo) acts as a group of operators. If yo and y; are points in B, the
set of one-to-one correspondence A, determined by path classes [w] in Y from
Yo to y1 is the same as the set of maps Ao ° A, Where [wo] is a fixed path
class from yo to y; and [w'] € 71(B,yo). ®=

In all of the above, by taking B = Y, we get the corresponding results
for the absolute case. Thus, if X is a space with nondegenerate base point x,
and yo € Y, then 71(Y,yo) acts as a group of operators on [X,xo; Yyol. If Yis
path connected and yo, y; € Y, then [X,xo; Y,yo] and [X,xo; Y,y1] are in
one-to-one correspondence by a bijection determined up to the action of
771<Y,y0).

In case Y is an H space and B C Y is a sub-H-space, there is the following
result, which can be regarded as a generalization of theorem 1.8.4.

3 THEOREM Let (X,A) have a nondegenerate base point xo and let (Y,B)
be a pair of H spaces. If yo € B is the base point, m1(B,yo) acts trivially on
[XaA,xO; YyB»yO]'
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ProOF Let p: (Y X Y, B X B) — (Y,B) be the multiplication. Given
a: (X,A,x0) — (Y,B,yo) and a closed path w: (II) — (B,yo), define an «'-
homotopy H: (X,A) X I — (Y,B) from o’ to o’ (where v’ ~ w and & ~ a) by

Hixt) = plalx)o(t)
Therefore by, la] = [a] for all [a] € [X,A,x0; Y,B,yo] and all [w] € 71(B,yo). ™

There is an interesting relation between the action of m1(B,yo) on
[X,A,x0; Y,B,yo] and the action of my(B,yo) as covering transformations on a
universal covering space of B. We assume that B and Y are path connected
and locally path connected, that 71(B,yo) = m1(Y,yo), and that Yisa simply
connected covering space of Y with covering projection p: ¥ — Y. Then
B = p~1(B) is a simply connected covering space of B [because 71(B,yo) =~
m1(Y,yo)]. Let §o € p~1(yo). There is a canonical map

0: [X,A,x0; Y,B,j0] — [X,A; Y,B]

from base-point-preserving homotopy classes to free homotopy classes.
Because B is simply connected, this map is a bijection [recall that two maps
oo, ag: (X,A) — (Y,B) are freely homotopic if and only if there is a path w in
B from ag(xo) to ay(xo) such that ag is w-homotopic to ay].

6 vLEmma With the notation above, let g: (Y,B,jo) — (Y,B,j1) be a cover-
ing transformation and let & be a path in B from i to ij1. There is a commu-
tative diagram

[X.Ax0; Y.B.yol <= [X.Axo; Y.Bjo] & [X.A; V,B]
hn,[a]l: :\Lh[il ° 8y :J{g:
[XaA:x(); Y’B3y0] (_'p—:t' [X>A5x0; Y’B’go] %') [XyAa Y,B]

PROOF Because g is a covering transformation, p = p ° gand py = pz ° gs
The commutativity of the left-hand square follows from this and from
lemma 1b. Since 6 ° h;; = 0, the commutativity of the right-hand side follows
from the trivial verification that # ° gx = gz ° 0. =

Recall the isomorphism y: G(B | B) = m1(B,yo) of corollary 2.6.4, which
assigns to g the element [p ° @] € m1(B,yo). Therefore lemma 6 expresses a
relation between the action of G(B|B) =~ G(Y|Y) on the free homotopy
classes [X,A; Y,B] and the action of 71(B,yo) on [X,A,xo; Y,B,yo).

7 coroLLARY Let X be a simply connected locally path-connected space
with nondegenerate base point and let Y be a simply connected covering
space of a locally path-connected space Y. There is a bijection from the free
homotopy classes [X;Y ] to the pointed homotopy classes [X,x0; Y,yo] com-
patible with the action of G(Y|Y) on the former, the action of m1(Y,yo) on
the latter, and the isomorphism : G(Y|Y) = m1(Y,yo).

prooF This follows from lemma 6, with B = Y and A = X, and from the
observation that because X is simply connected, it follows from the lifting



384 HOMOTOPY THEORY CHAP. 7

theorem 2.4.5, the homotopy lifting property of p: Y - Y,_theorem 2.2.3, and
the unique-lifting property, theorem 2.2.2, that p..: [X,x0; Y,50] — [X,x0; Y,yo]
is a bijection. =

We now specialize to the homotopy groups. Because
7a(X,x0) = [SMI),0; X,x0] = [S(I),S%(I),0; X,X,x0)
we obtain the following result.

8 rTtHEOREM For any space X and any n > 1, there is a covariant functor

from the fundamental groupoid of X to the category of groups and homomor-
phisms which assigns to x € X the group m,(X,x) and to a path class [w] in X
the map hp,: m(X,0(1)) > (X, w(0)). In this way, m1(X,xo) acts as a group
of operators on the left on my(X,x0), by conjugation if n = 1, and if X is path
connected and xo, x1 € X, then m,(X,x0) and 7,(X,x1) are isomorphic by an
isomorphism determined up to the action of m1(X,xo).

prooF Everything follows from theorem 3 and corollary 4 except for the
statement that «1(X,xo) acts on #1(X,x0) by conjugation. For this let
H: S(I) X I — X be on w-homotopy from ag to oy, where w, ap, and a; are
closed paths in X at xg. Define H': I X I — X by

H(t,t) = H(1,t], ¥)

ThenH’!OXI:H’[l XI:wandH’|I><0:a0andH']I>< 1 = «y.
It follows from lemma 1.8.6 that (w * ay) * (w™1 * ap™1) is null homotopic.
Therefore [ap] = [w][a1][w]™1, and so hp,[a1] = [w][ar][w]™t. =

Theorem 8 shows that the action of 71(X,x0) on itself by conjugation, as
in theorem 1.8.3, is extended to an action of 71(X,xo) on m,(X,x0) for every
n > 1.

A path-connected space X is said to be n-simple (for n > 1) if for some
xo € X (and hence all base points x € X) 71(X,x0) acts trivially on m,(X,x).
Thus a simply connected space is n-simple for every n > 1, and a path-
connected space X is 1-simple if and only if 74(X,x0) is abelian. For n-simple
spaces there is a unique canonical isomorphism 7,(X,x0) = 7,(X,x1), any map
a: " — X determines a unique element of 7,(X,xo) (whether or not & maps the
base point pg € §* to x¢), and 7,(X,x0), is in one-to-one correspondence with
the free homotopy classes of maps S* — X. The latter is a useful property,
and for n-simple spaces X we shall usually omit the base point and merely
write 7,(X). From theorem 5 we obtain the following generalization of
theorem 1.8.4.

9 THEOREM A path-connected H space is n-simple for everyn > 1. =
Similar consideration apply to the relative homotopy groups.

10 tHEOREM For any pair (X,A) and any n > 1 there is a covariant functor

from the fundamental groupoid of A to the category of pointed sets if n = 1

and the category of groups if n > 1 which assigns m,(X,A,x) to x € A and to

a path class [w] in A the map



